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In nature, various forms of rock anisotropy are widely pre-existing discontinuities such as 
bedding planes, joints, weak layers and cleavages. Rock anisotropic characteristics are in 
general critical for the stability of surface or underground rock excavations. The goal of this 
work is to investigate the anisotropic behaviour of jointed rock masses using theoretical and 
numerical modelling methods. In particular, discrete element modelling using flat jointed 
bonded particle model (FJM) was used in this research. A systematic micro-parameter 
calibration method for FJM was proposed first in this work to overcome the limitations of 
traditional approach, which essentially is a time-consuming tedious trial and error process. 
The relationships between the FJM micro-parameters and constitutive parameters, as well 
as macro-mechanical rock properties were first established through dimensionless analysis. 
Sensitivity and regression analyses were then conducted to quantify their relationships, 
using results from numerical simulations. The proposed method was demonstrated to be 
robust and effective based on the macro-mechanical property validation of four different 
types of rocks. The application of FJM to capture the load rate-dependent mechanical 
properties of rock materials was investigated. The results were cross-validated with 
experimental measurements, which indicated that FJM can model the dynamic behaviour 
of rocks from quasi-static to medium strain rate range. FJM, in combination with smooth 
joint model (SJM) used to model discontinuities, were then used to study the dynamic 
behaviour of rocks with a persistent joint at different orientations. A strength prediction 
model for dynamic UCS of a specimen containing a persistent joint at different orientations 
were proposed and the coefficients of the proposed equation were quantified based on 
numerical simulation results. The proposed model was shown to be capable of predicting 
VII 
 
the rate-dependent UCS of a jointed rock. Finally, the strength reduction of a jointed rock 
was further investigated using the statistical damage model approach based on the 
commonly used Weibull distribution, where the Jaeger’s and modified Hoek-Brown failure 
criteria were incorporated in the derived model. The proposed damage model was validated 
using published experimental data and numerical simulation results of FJM. Results 
indicated that parameter m only depends on strain parameter k, which is directly 
proportional to the increase of the failure strain, while parameter F0 is indirectly related to 
the strength of the jointed rock. In addition, joint stiffness can be easily incorporated in the 
proposed damage model, which has significant influence on the damage variable D, damage 
evolution rate Dr and rock mass deformation modulus. Outcomes of this research help us 
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Chapter 1 Introduction 
1.1 Research background 
A thorough understanding of mechanical properties and failure behaviours of rock masses 
is fundamental in rock engineering applications. The knowledge together with local stress 
conditions are the most critical inputs needed for the design and stability assessment of rock 
excavations (Zhu and Zhao 2004).  
Rock anisotropy is an important feature generally associated with rock masses. The 
anisotropy is caused by different planes of weaknesses such as fractures/joints, bedding 
planes, layering and stratifications (Shea and Kronenberg 1993). Studies have shown that 
the rock anisotropy plays a vital role in analyses such as the evaluation of the damage zone 
in deep underground excavations (Jia et al. 2012), coal pillar stability (Gao 2013), borehole 
stability in sedimentary rocks (Gaede et al., 2012), exploitation of shale gas (Harris et al., 
2011). In particular, large and persistent discontinuities could critically affect the stability 
of surface or underground rock structures such as slopes and caverns (Hudson and Harrison 
2000; Jia et al. 2012; Kostić 2017). Kostić (2017) stated that failure through large fracture 
planes is the dominant failure mechanism in rock slopes in civil and mining engineering. 
The main focus of this research is to investigate the anisotropic behaviours of a rock mass 
containing a single persistent discontinuity under both static and dynamic loading 
conditions. The rock mass model considered is simplistic, but a comprehensive 
understanding of such a simple case will be able to help build more sophisticated rock mass 
models more closely resembling the reality.  
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Many experimental studies have been published on the strength of anisotropic rock masses 
(Bagheripour and Mostyn 1996; Yasar 2001; Maji and Sitharam 2012; Wasantha et al. 2013; 
Moomivand 2014; Jin et al. 2016), which is normally represented using the ratio of the 
failure strength to the minimum failure strength (𝑅𝑐) of all cases (Saroglou and Tsiambaos 
2008). These results indicated that the mechanical behaviours such as deformation, strength 
and failure modes are largely influenced by the principal loading direction in relation to the 
weakness orientation, as well as the confining pressure (Jaeger 1959, 1960). Three failure 
modes are normally observed in experiments (Tien and Tsao 2000): sliding mode (along 
the discontinuity or joint), shearing mode (along the intact rock) and mixed mode. The 
failure mode can be further influenced by the confining pressure (Wasantha et al. 2014). 
These experimental results provide some very useful data for further theoretical studies, 
numerical modelling analysis and field applications.  
However, experimental tests are always limited due to cost, time and availability of 
different rock samples. In addition, the results may also be biased towards a particular type 
of rock and are difficult to generalise (Shen and Karakus 2014; Jiang et al. 2016). Numerical 
modelling offers an alternative flexible approach. It provides a general platform for the 
studies of rock mechanical behaviours of any type of rocks at any scale as long as a 
representative numerical model can be constructed. Numerical modelling can be roughly 
classified into two groups: continuum method and discontiuum method (Jing and Hudson 
2002; Jing 2003; Owen et al. 2007; Lisjak and Grasselli 2014). More recently, one of the 
dicontinuum method, namely the bonded particle model (BPM), has been favoured by many 
researchers as it can explicitly present the weakness structures in rock masses together with 
the micro-structure of the rocks (Mas Ivars et al. 2011; Potyondy 2012; Poulsen et al. 2015; 
Vallejos et al. 2016; Wu and Xu 2016; Mehranpour and Kulatilake 2017). There are already 
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no shortage of published works using BPMs to investigate the failure mechanism and 
behaviours of rock masses (Tang et al. 2006; Zhang et al. 2011, 2017; Ghazvinian et al. 
2012; Duan and Kwok 2015; Jiang et al. 2015; Duan 2016; Wang et al. 2017). However, 
the tedious and time-consuming calibration process required for BPM poses a significant 
restriction on the wide spread of the application of BPM (Huang 1999; Huang et al. 2013; 
He 2015; He and Xu 2015). Therefore, there is a need to develop a novel calibration 
procedure that can simplify the calibration process and the derivation of micro-mechanical 
parameters for BPM. 
Rock mass dynamic properties are attracting more and more attentions as rock excavations 
get deeper below the surface. Majority of the researches on rock dynamic behaviours focus 
on the studies of intact rock. However, in engineering applications, rock masses with 
discontinuities have to be dealt with and the discontinuities normally have the critical 
influences on the dynamic behaviours of excavations. Investigations on the dynamic 
properties of rocks containing discontinuities/fractures are still very limited based on the 
literature review. Therefore, there is a need to study the rock mass mechanical behaviours 
in response to different strain rates corresponding to different dynamic activities (Cadoni 
2010). For intact rocks, previous studies demonstrated that the mechanical properties such 
as strength (Doan and Billi 2011), elastic modulus (Brace and Jones 1971) and fracture 
toughness (Kim and Chao 2007; Feng et al. 2017) are positively correlated with the strain 
rate.  No publications have been found in the literature for similar studies on the anisotropic 
behaviours of rock masses.  However, this knowledge is needed to help the stability 
assessment of deep underground rock excavations when a dynamic failure such as rock 
burst needs to be considered.   
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BPM provides an excellent platform to investigate the failure mechanism of the anisotropic 
rock mass (Ghazvinian et al. 2012), but it still can be time-consuming particularly when the 
number of particles is significantly large in order to model field applications (Jing 2003). 
A different simpler approach to model the rock anisotropic behaviours is the statistical 
damage model, which has been used by many researchers for different applications (Tang 
et al. 1998; Cao et al. 2010, 2018; Deng and Gu 2011; Li et al. 2012; Liu and Yuan 2015). 
Previous damage models cover many complex mechanical responses such as strain 
softening (Li et al. 2012), residual strength (Zhao et al. 2016), dynamic (Liu et al. 2015), 
hydraulic (Zhang et al. 2016) and thermal damage (Yu et al. 2015; Peng et al. 2016; Xu and 
Karakus 2018). But no works have been done to investigate the rock anisotropic 
characteristics using statistical damage model. Therefore, the development of such a 
statistical damage model for anisotropic rock masses considering joint orientations will be 
very useful. 
1.2 Research objectives 
The overall goal of this thesis is to model the anisotropic characterisation of a jointed rock 
mass using theoretical analysis and numerical simulation. In particular, the following 
objectives are derived based on the literature review: 
Objective 1: To develop a systematic approach to simplify the calibration procedure for 
bonded particle numerical modelling. The proposed calibration procedure will avoid the 
tedious and time-consuming micro-parameter derivation process of BPMs. BPM will also 
be the numerical modelling tool used in this research for the studies of other topics. 
Objective 2:  To establish a BPM that can simulate the mechanical behaviours of rocks 
containing one persistent joint. The model is to be cross-validated by published 
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experimental results. The validated BPM will then be used to investigate the effect of the 
persistent joint on the rate-dependent mechanical properties of jointed rock masses.  
Objective 3: Based on the simulation results from BPMs, to propose a dynamic failure 
criterion for rocks containing a single persistent joint, considering different joint 
orientations. 
Objective 4: To propose a new statistical damage model for anisotropic rock masses, taking 
into account the effects of joint orientations on the failure behaviours. The model will be 
verified and validated using both BPM modelling results and experimental data.  
1.3 Thesis structure 
This thesis has 6 chapters. The main body of the thesis is a literature review followed by 
three journal publications arising from the research. Chapter 6 presents the conclusions 
from the research and the recommendations for future works. 
Chapter 2 provides a comprehensive review of works relevant to this study, i.e., theoretical 
studies, experimental investigations and numerical modelling related to the static and 
dynamic behaviours of anisotropic rocks. Statistical rock damage models are also reviewed. 
The merits and limitations of existing studies are discussed within the context of the current 
research.  
Chapter 3 presents a systematic approach to simplify the calibration procedure for a flat-
joint bonded-particle model (BPM). The initial relationships between the microscopic, 
constitutive parameters and macro-rock properties are determined through dimensionless 
analysis. Sensitivity analyses and regression analyses are then conducted to quantify the 
relationships using numerical results. Four BPMs for four different types of rocks are used 
to demonstrate the effectiveness and the robustness of the proposed approach. 
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Chapter 4 presents the study of rate-dependent mechanical properties of rocks with a pre-
existing persistent joint at different orientations. BPM is used as the numerical tool for this 
study and the constructed model is validated using published experimental results. A 
dynamic failure strength model considering joint orientations and strain rates is proposed 
based on Jaeger’s criterion. The proposed model is then validated using an extensive set of 
BPM simulations by conducting numerical UCS tests on the numerical models at different 
dynamic loading rates. The failure characteristics of the specimens at different strain rates 
are also discussed. 
In Chapter 5, a new statistical damage model is proposed for jointed rock masses using the 
Weibull distribution which takes into account the joint orientations by incorporating the 
Jaeger’s and modified Hoek-Brown failure criteria. The proposed damage model is verified 
and validated using BPM simulations and published experimental results. 
Chapter 6 summarises the major contributions of this research and some recommendations 
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Chapter 2 Literature review 
Rock anisotropy caused by different planes of weaknesses such as fractures/joints, bedding 
planes, layering, and stratifications (Shea and Kronenberg 1993) is a fundamental issue for 
rock engineering applications (Gao 2013). Published experimental results of anisotropic 
rock masses indicated that mechanical behaviours such as deformation, strength, and failure 
modes are largely influenced by loading direction relative to weakness orientation (Jaeger 
1959, 1960) together with confining pressure. 
Although experimental results provide some very useful data for further theoretical studies, 
numerical modelling analysis, and field applications, results may be limited due to cost, 
experimental run-time, and bias towards a particular type of rock (Shen and Karakus 2014; 
Jiang et al. 2016). On the other hand, numerical modelling provides a general platform to 
investigate the mechanical behaviours of any type of rocks at any scale. The bonded particle 
model (BPM) has been favoured by many researchers as it can explicitly present the 
weakness structures in rock masses together with the micro-structure of the rocks (Mas 
Ivars et al. 2011). However, the tedious and time-consuming calibration process required 
for BPM significantly limits the wide-spread application of BPM.  
In addition, the dynamic properties of rock masses are attracting more and more attention 
as rock excavations proceed deeper below the surface. To date, the majority of research on 
rock dynamic behaviour focuses on studies of intact rock. A review of the current literature 
reveals that investigations on the dynamic properties of rocks containing 
discontinuities/fractures are still very limited. 
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BPM provides an excellent platform to investigate the failure mechanisms of anisotropic 
rock masses but can still be time-consuming, particularly when the number of particles is 
significantly large for field applications (Jing 2003). The model within the framework of 
the statistical damage model (SDM) provides a different simpler approach to modelling 
rock anisotropic behaviours.  
In this chapter, a comprehensive critical review of works relevant to these three topics are 
conducted. The merits and limitations of existing studies are discussed within the context 
of the current research. 
2.1 Intact rock simulation using the flat joint model (FJM) 
The discrete element method (DEM) has become a powerful planform for a variety of 
numerical modelling applications in soil mechanics, fluid mechanics and rock mechanics. 
The basic idea of DEM is that the material can be represented by an assembly of deformable 
or rigid particles or blocks, interacting through contacts by proper constitutive models. This 
representation leads to three fundamental issues in rock mechanics modelling (Jing 2003): 
(a) Identification of suitable particle or block shapes and sizes, as well as the system 
topology for practical engineering applications; 
(b) Formulation and solution of the motion equations for the particle or block system; 
(c) Recognition and updating of the contacts between particles or blocks due to 
deformations and motions of particles or blocks. 
In DEM, the interaction between particles or blocks is regarded as a dynamic process that 
will eventually approach an equilibrium state. During this process, the motion calculations 
are performed on particles or blocks following Newton’s second law and the contact forces 
are evaluated following the pre-defined contact constitutive law, see Fig. 2.1. The dynamic 
behaviour is represented numerically by a time-marching approach based on a dynamic or 
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static relaxation scheme where the velocity and acceleration are assumed to be constant in 
each time step.  
 
Figure 2.1 The calculation cycle for Discrete Element Method  (After Itasca Consulting 
Group Inc 2014) 
The explicit DEM is divided into two groups: block-based model and particle-based model. 
The most representative block-based model is the universal distinct element code (UDEC). 
In UDEC, the media is discretised into an assemblage of discrete blocks interacting with 
each other through discontinuity interfaces. The contacts between blocks at discontinuity 
interfaces in UDEC are treated as boundaries, and therefore mechanical behaviours can be 
achieved by assigning mechanical parameters, such as normal stiffness, shear stiffness, 
friction angle, cohesion and tensile strength. However, this approach in general has 
difficulty in modelling non-persistence fractures as discrete blocks within the model must 
be convex. This limitation makes it difficult to incorporate more realistic fracture systems 
in the model.  
For particle-based models, the most notable implementations include particle flow code 
(PFC), Yade, EDEM, Smoothed Discrete Element Method (SDEM), LIGGGHTS, 
MechSys  and Distinct Lattice Spring Model (DLSM). However, most open source DEM 
codes have difficulty in modelling rock discontinuities, particularly fracture systems. 
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Therefore, PFC incorporating discrete fracture network (DFN) with different contact 
models is used as the numerical tool for this study. 
It was  first proposed to simulate mechanical behaviours of non-cohesive media like soils 
and sands using an assembly of particles with varying diameters interacting with each other 
through physical contact (Cundall and Strack 1979). The movement of these particles 
follows Newton’s laws of motion while the interaction at contacts is determined by the 
normal stiffness, shear stiffness, and friction coefficient. Contact forces arise when two 
particles come into contact and can be resolved into normal and shear components at the 
contact point (Fig. 2.2). The normal force and shear force can be calculated by: 
𝐹𝑛 = 𝑘𝑛𝑢𝑛 (2.1) 
∆𝐹𝑠 = −𝑘𝑠∆𝑢𝑠 (2.2) 
where 𝑘𝑛 and 𝑘𝑠 are the normal and shear stiffness of the contact, 𝑢𝑛 is the overlap between 
two particles, and ∆𝑢𝑠 is shear displacement increment. 
 
Figure 2.2 Force-displacement behaviour at a contact between two particles. Modified 
after Potyondy and Cundall (2004) 
 









Figure 2.3 A typical schematic diagram of the FJM (Potyondy 2012) 
 
Figure 2.4 Interface geometry of four un-bonded flat joint contacts (left). Surrounding 
particles resist the central particle rotation through un-bonded interfaces (right) (Potyondy 
2012) 
To simulate a brittle solid material, Potyondy and Cundall (2004) extended the cohesionless 
model to the BPM in order to examine crack nucleation and fracture propagation. Three 
types of contact models, i.e., contact bond model (CBM), parallel bond model (PBM), and 
flat joint model (FJM), are implemented in the commonly used particle-based modelling 
tool, particle flow code (PFC). Among them, the most widely used are PBM and FJM 
(Vallejos et al. 2016). Although the PBM can simulate various mechanical responses 
including elasticity (Schöpfer et al. 2007), fracturing (Farahmand et al. 2015), damage zone 











(Fakhimi and Villegas 2007), rock cutting (Huang et al. 2013; He and Xu 2015), and crack 
initiation process (Zhang and Wong 2012), it suffers from three intrinsic problems: the 
unrealistic ratio of uniaxial compressive strength (UCS) to tensile strength (TS), unrealistic 
low internal friction angle, and unrealistic linear failure envelope (Potyondy and Cundall 
2004; Cho et al. 2007; Schöpfer et al. 2007; Vallejos et al. 2013; Wu and Xu 2016). To 
overcome these limitations in PBM, Potyondy (2012) introduced a grain-based model, the 
FJM, with a fictitious notional contact surface (Fig. 2.3). This fictitious notional surface 
can increase the ratio of UCS to TS by grain interlocking, which reflects rock behaviour 
more realistically at the micro-scale and is more advantageous compared to other bonded 
particle models. Additionally, it is worthwhile to note that for the FJM, the interface may 
evolve from a fully bonded state to a fully un-bonded and frictional state; however, the fully 
un-bonded interface is not removed during the simulation, so the interface will continue to 
resist relative rotation (Fig. 2.4).  
Table 2.1 Comparison between PBM and FJM, modified after Wu and Xu (2016). 
  PBM  FJM 
Similarities  Interface  Finite-length  Finite-length  
 Model  Bond models Bond models 
Differences Bond Bonded across the entire length Bonded or unbonded in the 
initial stage 
 Rotation resistance Moment contribution to stress Its special structure 
 Deformation Deformable and breakable Deformable, partial damage, 
breakable 
 Breaking  Entire interface breaks Elements break 
 Interface Interface vanishes after 
breaking 




Cannot resist rotation after 
breaking 
Can resist rotation after breaking 
The similarities and differences between PBM and FJM in terms of micro-structures and 
micro-parameters are summarized in Table 2.1. Compared with PBM, the FJM was found 
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to better capture the failure envelope of rocks in the laboratory and was recommended by 
Vallejos et al. (2016).  
Within the FJM, each element with a force (  ) and a moment (Me) acting at the contact 
location on the equal and opposite notional surfaces obeys the force-displacement law. The 
normal force (Fn
e) and moment (Me) can be updated in the normal direction, and the shear 
force (Fs
e) can be calculated in the tangent direction. Therefore, the element normal stress 















 is the element area which equals to its length in 2D.  
FJM bonded elements and unbonded elements have distinctive mechanical behaviours 
governed by microscopic parameters. The strength envelope of bonded elements is shown 
in Fig. 2.5.  
 




Under tension, bonded elements are sustained by the tensile strength of the bonds until the 
tensile stress exceeds the critical value, at which point the bonded element becomes an 
unbonded element and forms a micro-tensile crack. Under compression, FJM bonded 
elements and unbonded elements follow the Mohr-Coulomb (MC) criterion with a tension 








where 𝑐𝑏 is the bond cohesion; ϕb and ϕr are local friction angle and residual friction angle, 
respectively. Bonded elements will form a micro-shear crack when the shear strength of the 
bond is exceeded. 
For element elasticity representation, the commonly used deformability method is 
employed to define contact model properties in the latest version of PFC. In this approach, 
contact elastic deformable properties such as kn and ks are not specified directly, rather the 
kn and ks  of contacts are modified in the programme simultaneously so the specified 
effective modulus (E*) and stiffness ratio (k
*
) defined through the deformability method 
are matched. The relationships between the E*, k
*
, and contact parameters can be expressed 
as: 








where 𝐿 = {R1+R2, for ball-ball contacts; or R1, for ball-facet contacts}, in which R1 and 
R2 are radii of the particles interacting in ball-ball or ball-facet contacts. In this research, 
the deformability method is used. 
The above-mentioned background theory demonstrates the formulation of the FJM model, 
assisting us to understand the macro-behaviours of BPM from a micro-perspective. As 
expected, micro-mechanical and constitutive parameters between particles, boundary 
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conditions (e.g. the size of a BPM specimen and loading rate), the micro-structure, and 
geometrical parameters of particles can all influence the macro-mechanical behaviour of 
the numerical specimen (He and Xu 2015). In particular, parameters required for FJM can 
be divided into three groups: boundary conditions, micro-structure and geometrical 
parameters, and micro-mechanical and constitutive parameters between particles, as shown 
in Table 2.2. 
Table 2.2 Parameters required for FJM 




Specimen width  w mm L 
Specimen height  l mm L 






Ratio of maximum to minimum ball radius  rmax/rmin [-] [-] 
Ratio of specimen width to the median ball diameter  w/d [-] [-] 
Bond surface gap g
0
 m L 
Porosity of the synthetic the numerical specimen  n [-] [-] 




Effective modulus of bond E* GPa F·L
-2 
Stiffness ratio of contact k
*
 [-] [-] 
Tensile strength of contact t MPa F·L-2 
Cohesion of bond c MPa F·L-2 
Friction angle of bond ϕ
b
 ° [-] 
Residual friction coefficient of bond μ [-] [-] 






Table 2.3 Summary of calibration methods for BPMs 
References Dimensions Bond model Calibration method 
(Huang 1999) 2D CBM The dimensionless method 
(Potyondy and Cundall 2004) 2/3D CBM The trial-and-error method 
(Yoon 2007) 2D CBM The statistical CCD method 
(Fakhimi and Villegas 2007) 2D CBM The dimensionless method 
(Tawadrous et al. 2009) 3D CBM The artificial neural networks 
(Wang and Tonon 2010) 3D CBM The SNOBFIT method 
(Yang et al. 2006) 2D PBM The dimensionless method 
(Sun et al. 2013) 3D PBM The artificial neural networks 
(Chehreghani et al. 2017) 3D PBM The response surface method 
(Itasca Consulting Group Inc 2014) 2D PBM, FJM The trial-and-error method 
(Chen 2017) 2D FJM The trial-and-error method 
(Castro-Filgueira et al. 2017) 3D FJM The trial-and-error method 
(Shu et al. 2018) 3D FJM The trial-and-error method 
Note: SNOBFIT: stable noisy optimization by branch and fit; CCD: central composite design.  
Despite the successful applications of simulating complex mechanical rock behaviours 
using BPMs, the calibration procedure is still a challenge for researchers as there are no 
direct relationships between BPM micro-parameters, especially for FJM, and rock macro-
properties to be modelled. Numerous studies have attempted to simplify the calibration 
procedure for different BPMs (Table 2.3). Currently, the trial-and-error method is still 
widely used for calibration of all BPMs (Potyondy and Cundall 2004; Itasca Consulting 
Group Inc 2014), which can be tedious and time-consuming (He and Xu 2015). A 
dimensionless method proposed by Huang (1999) was proven to be capable of simplifying 
the calibration procedure for CBM and PBM (Yang et al. 2006). For these two contact 
models, optimization methods such as the artificial neural networks method and response 
surface method were employed in the calibration procedure. However, for FJM, very 
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limited studies (Castro-Filgueira et al. 2017; Chen 2017; Shu et al. 2018) have been 
published using the trial-and-error method to derive the relationships between micro-
parameters and the macro-rock properties to be modelled. Without these quantitative 
relationships, it remains a challenging task to derive a set of micro-parameters in the FJM 
for the desired macro-rock properties. Apparently, there is a need to develop a novel 
calibration procedure for the FJM, which is expected to be different compared to those for 
the CBM and PBM due to different mechanism and parameters involved (Potyondy 2012; 
Vallejos et al. 2016).  
2.2 Anisotropic rock mass simulation using the smooth joint model 
(SJM) 
Anisotropic characteristics of rock masses are mainly the result of the sliding behaviour 
along joint faces. Many techniques using BPMs have been proposed to simulate and capture 
the sliding behaviours of anisotropic rock masses (Cundall 2000; Mas Ivars et al. 2008; 
Park and Song 2009)(Fig. 2.6). Descriptions of these methods together with their 
advantages and disadvantages are summarized in Table 2.4. In order to evaluate these 
approaches in rock mass modelling, Chiu et al. (2013) compared the strength and 
deformability of jointed rock masses using these models. Their results indicated that the 
bond-elimination model overestimated the strength of the jointed rock mass in the sliding 
mode. Although the band-elimination model can reflect the strength reduction in the sliding 
mode, it slightly overestimates the failure strength and cannot simulate sliding failure 
behaviours of jointed rock masses. The overestimated strength of these two models mainly 
results from the roughness caused by the particle arrangement on the joint face. On the other 
hand, the SJM (SJM) can produce results in good agreement with experiments (Chiu et al. 
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2013). Clearly, the SJM provides an effective tool for simulating the anisotropic 
characteristics of jointed rock masses. 
Table 2.4 The comparison study of joint behaviour by Chiu et al. (2013) 




Elimination of bonds 
intersected by the joint 
plane 
Easy implementation, 







Elimination of bonds 
and particles within a 
band defined by the 
joint plane 
Joint face roughness is 
less an issue, but the 
band can be different 
from the actual joint and 
it is difficult to control 
the behaviour in the 
normal direction 
(Park and Song 2009) 
Smooth-joint  
model 
Replacement of contact 
models with the 
smooth-joint model on 
the joint plane 
Elimination of joint face 
roughness, which is also 
its weakness as it cannot 
model joint roughness 
explicitly or geometry 
variation 
(Mas Ivars et al. 2008) 
 




The concept of SJM was firstly proposed by Mas Ivars et al. (2008) and further developed 
by Mas Ivars et al. (2011) to simulate jointed rock masses. Unlike the flat joint contact 
model, the interface in SJM does not resist the relative rotation of particles (Figure 2.7). 
Therefore, the two particles using the SJM may slide past each other instead of moving 
around each other. A SJM can be inserted into a linear bond contact model, linear parallel 
bond contact model, or flat joint contact model to simulate fracture behaviour within a rock 
mass. The combination of FJM and SJM provides possibility very effective tool to simulate 
anisotropic characteristics of jointed rock masses (Mas Ivars et al., 2011). 
 
Figure 2.7 Kinematic models, (a) FJM. (b) SJM. 
The SJM can be both bonded and unbonded (Fig. 2.8). When the SJM is bonded, the 
behaviour of the bonded interface is linear elastic until the strength limit is exceeded and 
the bond breaks, resulting in an unbonded interface. When the SJM is unbonded, the 
behaviour of the interface is linearly elastic and frictional with dilation, with slip 




(a)                                                                     (b) 
Figure 2.8 Rheological components of the SJM  
When the SJM is inserted into a BPM, the original contact microscopic properties including 
stiffness, friction coefficient, tensile strength, and cohesion along the defined joint plane 
will be replaced by SJM properties. Then the normal force and shear forces of the SJM can 






where 𝐹𝑛  and 𝐹𝑠
∗ are the normal and shear forces of the SJM; 𝑘𝑛  and 𝑘𝑠  are the normal 
stiffness and shear stiffness of the SJM; ∆𝛿𝑛
?̂?  and ∆𝛿𝑠
?̂?  are the normal and shear 
displacement increments of the SJM,; and 𝐴 is the bond cross-sectional area.  

















= 𝜇𝐹𝑛 and 𝜇 is the friction coefficient. When slipping along the joint occurs, the 
shear displacement can produce the increment in the normal force due to dilation, i.e.,: 
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where 𝜓 is the dilation angle. If the SJM is bonded, the SJM will form a tensile crack under 
tension when:  
𝐹𝑛 ≥ 𝜎𝑐𝐴 (2.13) 
where 𝜎𝑐 is the bond normal strength of the SJM. On the other hand, the SJM will form a 
shear crack under shear conditions when:  
|𝐹𝑠
∗| ≥ 𝜏𝑐𝐴 (2.14) 
where 𝜏𝑐 is the bond shear strength of the SJM.  
Like the FJM, no comprehensive relationships between microscopic parameters and 
macroscopic properties of joint in anisotropic rocks exist. Xia and Zeng (2018) investigated 
some of these relationships between SJM microscopic parameters and macroscopic 
characteristics of anisotropic rock masses and suggested a calibration procedure.  
By combining FJM and SJM, various mechanical responses of jointed rock masses 
including peak strength, scale effect, anisotropy, and fracturing have been successfully 
captured and modelled (Martin et al. 2012; Zhang et al. 2015; Zhang and Zhao 2016). Table 
2.5 summarizes the previous studies adopting the SJM to investigate the anisotropic 
characteristics of jointed rock masses. Using a single persistent joint, Chiu et al. (2016) 
proposed a method to model the joint roughness using SJM while Hu et al. (2017) studied 
the effects of microscopic parameters of SJM on the mechanical responses of jointed rock 
masses. Using a set of persistent parallel joints, other studies investigated different 
mechanical properties of anisotropic rock masses such as uniaxial compressive strength 
(Park and Min 2015; Wang et al. 2016a; Park et al. 2018), direct tensile strength (Park et al. 
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2018; Shang et al. 2018), and fracturing (Park and Min 2015; Aziznejad et al. 2018), and 
deformation modulus (Zhao et al. 2015). Duan et al. (2015) and Duan and Kwok (2015) 
also studied the uniaxial compressive strength and tensile strength using a set of 
microscopic joints modelled by SJM. On the other hand, Bahaaddini et al. (2015) explored 
the effects of geometrical parameters of a set of non-persistent joints on the mechanical 
behaviour of a jointed rock mass under uniaxial compression. 
Table 2.5 Summary of previous studies adopting the SJM to investigate the anisotropic 
characteristics of jointed rock masses 
References Method  Joint types Research scope 
Park et al. 2018 PFC3D A set of parallel 
persistent joints 
Modelling anisotropic uniaxial compressive 
and tensile strength 
Shang et al. 2018 PFC3D A set of parallel 
persistent joints 
Modelling direct tensile behaviour of 
anisotropic rocks 
Aziznejad et al. 2018 PFC2D A set of parallel 
persistent joints 
Static and dynamic responses of the 
anisotropic rock foundation 
Hu et al. 2017 PFC2D A single persistent 
joint 
Parametric studies of SJM on mechanical 
properties of jointed rock masses 
Chiu et al. 2016 PFC2D A single persistent 
joint  
Modelling a joint with different roughness  
Wang et al. 2016b PFC2D A set of parallel 
persistent joints 
Modelling of strength variations for 
anisotropic rock masses under uniaxial 
compression 
Duan et al. 2015 PFC2D A set of micro-
parallel joints 
Modelling anisotropic rock behaviours under 
uniaxial compression 
Duan and Kwok 2015 PFC2D A set of micro-
parallel joints 
Modelling anisotropic rock behaviours under 
Brazilian test conditions 
Huang et al. 2015 PFC3D A single non-
persistent joint 
Studies of the effects of micro-parameters of 
SJM on the macro-properties of rocks under 
uniaxial compression 
Park and Min 2015 PFC2D A set of parallel 
persistent joints 
Modelling mechanical properties of 
anisotropic rocks and the rock foundation. 
30 
 
Zhao et al. 2015 PFC2D A single or a set 
of parallel 
persistent joints  
Studies of the deformation and failure modes 
of a rock mass containing different number of 
concentrated parallel joints at different spacing 
Bahaaddini et al. 2015 PFC3D A set of non-
persistent joints 
Effects of joint geometrical parameters on the 
uniaxial compressive strength (UCS) and the 
deformation modulus 
Chiu et al. 2013 PFC2D A set of parallel 
joints 
A comparison study of different joint models 
Although the anisotropic mechanical behaviours of jointed rock masses are extensively 
investigated under static conditions, the dynamic behaviours of anisotropic rock masses 
have not been widely studied in numerical models. To date, the majority of numerical 
studies on rock dynamic behaviours focus on intact rock (Zhang and Zhao 2014). In 
engineering applications, however, discontinuities have a critical influence on the dynamic 
behaviour of rock masses, which is vital for engineering applications. The numerical 
modelling works related to the dynamic properties of rock masses containing 
discontinuities are still very limited.  
Previous studies demonstrated that mechanical properties such as strength (Doan and Billi 
2011), elastic modulus (Brace and Jones 1971), and fracture toughness (Kim and Chao 2007; 
Feng et al. 2017) of intact rocks are largely influenced by strain rate. On the basis of 
experimental results, several semi-empirical relationships for the estimation of the rate-
dependent dynamic strength of rock-like materials were proposed by different researchers 
(Grady and Lipkin 1980; Masuda et al. 1987; Olsson 1991; Malvar et al. 1998; Zhao et al. 
1999), see Table 2.6. Results indicated that the dynamic uniaxial compressive strength can 
be related to the normalized strain rate and the static rock uniaxial compressive strength 
(Masuda et al. 1987). For dynamic failure criteria, Zhao (2000) modified and extended the 
classic failure criteria, such as the Mohr-Coulomb (MC) and Hoek-Brown (HB) criteria, to 
incorporate the dynamic strength of rocks (Table 2.7).  
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Table 2.6 Semi-empirical relationships for the estimation of the rate-dependent dynamic 
strength of intact rock-like materials 
Material 
type 
Semi-empirical equation  ̇ (s-1) Material constants References 





1), 𝜎𝑢𝑑=340 MPa 
(Masuda et al. 1987)  
Granite  𝜎𝑢𝑑 = 𝑅𝑆𝐶𝑑𝑙𝑜𝑔 (
𝑠
) + 𝜎𝑢𝑠 
 
10-8-100 𝑅𝑆𝐶𝑑=11.9 MPa, 
𝜎𝑢𝑠=170 MPa,  
𝑠 = 0.5 − 1 𝑠
−1 
(Zhao et al. 1999) 













1+𝑛( < 102𝑠−1) 
𝜎𝑢𝑑 ∝
0.3( ≥ 102𝑠−1) 




1+𝑛( < 102𝑠−1) 
𝜎𝑢𝑑 ∝
0.3( ≥ 102𝑠−1) 




144( < 102𝑠−1) 
𝜎𝑢𝑑 ∝
0.31( ≥ 102𝑠−1) 
10-4-104  (Green and Perkins 1968) 
Tuff 𝜎𝑢𝑑 ∝
0.007( < 76𝑠−1) 
𝜎𝑢𝑑 ∝
0.35( ≥ 76𝑠−1) 
10-6-103  (Olsson 1991) 




 ( < 30𝑠−1) 














𝑠 = 3.0 × 10
−5𝑠−1 
(Malvar et al. 1998) 
Note: 𝜎𝑢𝑑  and 𝜎𝑢𝑠  are uniaxial dynamic compressive strength and uniaxial static 
compressive strength; C is a material parameter; RSCd  is the dynamic rock strength 
constant; 𝑠 is the static strain rate, which has different values in different studies, but falls 
in the range between 10-5 to 10-1 s-1; a and n are constants;  ̇ is the valid range of strain rate. 
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Table 2.7 Dynamic failure criterion for intact rock 
Failure criterion  Modified equation   Comments  References 
Mohr-Coulomb 
criterion  
𝜎1𝑑 = 𝜎𝑢𝑑 + 𝜎3
1 + 𝑠𝑖 𝜑
1 − 𝑠𝑖 𝜑
 
𝑐𝑑 =
𝜎𝑢𝑑(1 − 𝑠𝑖 𝜑)
2𝑐𝑜𝑠𝜑
 
𝜑 is hardly influenced by 










m is not affected by  (Zhao 2000) 
Note: 𝜎1𝑑  and 𝜎𝑢𝑑  are the dynamic triaxial compressive strength and the dynamic uniaxial 
compressive strength respectively; 𝑐𝑑 is the dynamic cohesion; 𝜑 is the internal friction angle of 
intact rock; m is the Hoek-Brown constant for rock material. 
In addition to the experimental and theoretical studies mentioned above, BPM was 
employed to investigate on the effect of strain rate on the mechanical behaviour of intact 
rocks (Jacson et al. 2008; Zhang and Wong 2013; Zhang et al. 2017). Using a BPM, Jackson 
et al. (2008) found that both the energy needed to bring a specimen to failure and the degree 
of fragmentation increase with increasing strain rate. Zhang and Wong (2013) demonstrated 
that, with increasing strain rate, the dynamic compressive strength and crack coalescence 
stress significantly increase, while crack initiation stress slightly increases, for rock 
specimens containing a non-persistent joint. In their further study, Zhang et al. (2017) 
indicated that numbers of shear and tensile cracks, together with acoustic emissions, 
increase with increasing strain rate. However, these studies mainly focus on fragmentation 
and cracking process, and there is no systematic numerical study using BPM to establish 




2.3 Statistical damage model (SDM) 
In addition to the use of BPM for modelling the anisotropic characteristics of rock masses, 
the statistical damage model (SDM) may provide an alternative but the simpler approach, 
which has not been tried in previous studies. 
Damage mechanics (DM) has been widely employed to describe the stress-strain 
relationship of various mechanical responses for rocks in different applications. By 
combining statistical theory and continuum damage mechanics, Krajcinovic and Silva 
(1982) explored the mechanical responses of concretes and proposed a statistical damage 
model (SDM) to reflect the process of micro-crack initiation, propagation, and coalescence. 
Within the framework of the original SDM, the model was adopted and extended to study 
various mechanical responses of rocks (Tang et al. 1998; Cao et al. 2010, 2018; Deng and 
Gu 2011; Li et al. 2012; Liu and Yuan 2015). These SDMs can be divided into two main 
approaches based on their assumptions. The chain model assumes that rocks consist of a 
series of mechanical components (e.g. spring, stick, and slider) to simulate the failure 
behaviour (Zhou et al. 2001). The other SDM assumes that rocks contain numerous 
microscopic elements, and the damage process can be regarded as the damage accumulation 
of these microscopic elements (Tang et al. 1997). In this work, the concept of SDM refers 
to the latter damage model mentioned-above and the schematic of these models is 




Figure 2.9 Schematic of the statistical damage model 
Due to the easy implementation and application to an engineering analysis, the SDM has 
been favoured by many researchers based on statistical and stochastic theories (Tang 1997; 
Cao et al. 2010; Deng and Gu 2011; Li et al. 2012; Liu and Yuan 2015). Two steps are 
needed to establish a statistical constitutive damage model (Liu and Yuan 2015): the 
determination of the strength distribution of the microscopic elements and the selection of 
a proper micro-element failure criterion.  
Four types of distributions have been used in published research to describe the strength 
distribution of microscopic elements: Weibull distribution, power function distribution, 
normal logarithmic distribution, and normal distribution (Li et al. 2017). Their 
corresponding probability density functions are summarized in Table 2.8. Previous studies 
(Li et al. 2017; Chen et al. 2018) argued that the pre-peak stress-strain curve can be well fit 
by constitutive models using different distributions, especially for the elastic deformation 
stage of rocks. However, compared with the power function, the damage model using the 
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Weibull distribution can better capture the rock plasticity behaviour of rocks (Chen et al. 
2018). Therefore, it is reasonable to describe the rock microscopic unit strength using a 
Weibull distribution statistical probability model. 
Table 2.8 The function of the probability density of various distributions adopted in 
previous damage models 
















(Li et al. 2012) 











(Chen et al. 2018) 














(Kang et al. 2012) 














(Zhang et al. 2005) 
(Li et al. 2017) 
where 𝐹 is an elemental strength parameter depending on the strength criterion used; 𝑚, 𝐹0 and 𝑆0 
are distribution parameters for corresponding distributions. 
Based on the damage evolution process using a Weibull distribution (Bhattacharya and 
Ellingwood 1998), the damage variable D can be measured in the following form: 







The damage variable D correlates with the microscopic element strength F, which satisfies 
the Weibull distribution with two distribution parameters, e.g. 𝐹0  and 𝑚 . Identifying a 
suitable F to represent the strength of microscopic elements is a challenge. As the pioneer 
of the statistical damage mechanics, Tang (1997) suggested using maximum strain theory 
for microscopic elements. Later, many more appropriate failure criteria were adopted to 
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describe the stress state of the microscopic element (Cao et al. 2010; Li et al. 2012). The 
commonly used failure criteria in SDM are Mohr-Coulomb, the Drucker-Prager, and Hoek-
Brown (Table 2.9). Compared with the damage model using maximum strain theory, 
damage models using the classical failure criteria better reflect the stress level of the 
microscopic elements (Li et al. 2012). However, the merits and limitations of the SDMs 
with various failure criteria should be further investigated. 
Table 2.9 Failure criteria for the microscopic element adopted in previous damage models 
Failure criterion  Expression in the principal stress space References 
Maximum strain 
theory 
𝐹 =  (Tang 1997) 









′ sin 𝜑 + (cos 𝜃𝜎 −
1
√3
sin 𝜃𝜎 sin 𝜑)√ 𝐽2
′
= 𝑐 cos𝜑 
(Cao et al. 2010) 





′ ) = 𝛼0𝐼1
′ + √ 𝐽2
′ = 𝑘 (Cao et al. 1988) 

















(Xu et al. 2017) 
(Xu and Karakus 2018) 
Note:  is the strain of rocks when maximum strain theory adopted in SDM; 𝐼1
′  and  𝐽2
′  are the first 
effective stress invariant and the second effective deviator stress invariant, respectively; 𝜃𝜎 is the 
lode angle; 𝑐 and 𝜑 are the cohesive strength and internal friction angle of the rock; 𝛼0 and 𝑘 are 






; 𝜎𝑐 is the uniaxial compressive strength of intact rock; 𝑚 and 𝑠 are 
Hoek-Brown input parameters. 
Then the constitutive relationship for rocks expressed using a SDM is given by the 
following Equation using a Weibull distribution in the major principal stress direction (Li 
et al. 2012): 
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] + 𝜇(𝜎2 + 𝜎3) 
(2.16) 
where 𝜇 is the Poisson’s ratio of the rock. To capture rock mechanical responses using a 
SDM, it is necessary to estimate the damage distribution parameters (𝐹0 and 𝑚). Currently, 
two methods are available to determine the distribution parameters according to the stress-
strain responses from the laboratory tests: the back analysis method (Liu and Yuan 2015; 
Chen et al. 2018) and extremum method (Deng and Gu 2011; Li et al. 2012). As pointed by 
Li et al. (2012), the back analysis method may involve uncertainty in the analysis process, 
and the mechanical meaning of model parameters is unclear. Therefore, another procedure 
to determine the distribution parameters was proposed by Li et al. (2012). On the stress-
strain curve, the peak point is quite near the yield point, which can be used to determine the 
model parameters m and F0. At the peak, the derivative of 𝜎1 with corresponding 1 should 
be zero (Fig. 2.10) i.e.: 
1 = 1𝑓 , 𝜎1 = 𝜎1𝑓 (2.17) 
1 = 1𝑓 ,
𝑑𝜎1
𝑑𝜀1
= 0    (2.18) 
where 𝜎1𝑓 and 1𝑓 are the stress and strain corresponding to the peak point. 
 
Figure 2.10 Determination of damage distribution parameters using the Extremum 
method, after Li et al. (2012) 
1
𝜎1




Within the framework of the SDM, many researchers adopted and extended the classical 
SDM to capture the complex mechanical responses of rocks. The initial damage (crack 
closure stage) was identified and modelled by introducing initial voids (Cao et al. 2018) 
and dissipated energy corresponding to the initial damage (Yang et al. 2015). The residual 
strength of rocks induced by the confining pressure was further considered by different 
researchers. For example, a coefficient Cn was introduced by Wang et al. (2007) to improve 
the description of residual strength. Zhao et al. (2016b) adopted the damage tolerance 
principle to reflect the residual strength of the rocks. The impact on the mechanical 
properties of rocks was captured by the SDM using the coefficient of viscosity (Li et al. 
2015) and over-stress model (Zhao et al. 2014). Recently, coupled damage models were 
proposed to gasp mechanical responses such as thermal effect (Yu et al. 2015; Peng et al. 
2016; Xu and Karakus 2018), hydraulic (Zhang et al. 2016) and freeze-thaw (Huang et al. 
2018). All these complex mechanical responses under various external conditions can be 
analysed by original or extended SDMs.  
In field applications, jointed rock masses may demonstrate anisotropic characteristics when 
encountering large and persistent discontinuities, which is vital to the stability of surface or 
underground rock structures such as slopes and caverns (Hudson and Harrison 2000; Jia et 
al. 2012; Kostić 2017). BPM may provide a platform to analyse the stability of these in-situ 
structures; however, the BPM can be time-consuming, particularly when it is used to model 
field applications where a large number of particles are involved. In this case, the SDM 
may offer a different simpler approach to model and analyse the rock mass anisotropic 
behaviours. The application of SDM in this context is still very limited. In classical damage 
models (CDM), damage tensors, in most cases, were used to describe rock mass anisotropic 
behaviours. Kawamoto et al. (1988) and Swoboda et al. (1998) adopted a second-order 
damage tensor to reflect rock mass anisotropy due to pre-existing joints. In their damage 
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models, geometrical parameters of joints such as orientation, length, and density were 
considered.  To define the degradation of the strength due to pre-existing joints, Kawamoto 
et al. (1988) and Swoboda et al. (1998) used the effective area and the initial damage 
parameter to represent the initial damage. However, the limitation of these methods is that 
they do not consider the influences of joint mechanical properties, such as shear strength 
(Liu and Yuan 2015). In order to understand the failure strength of jointed rock masses with 
a single fracture or a set of fractures, many empirical failure criteria modified from the 
classical failure criteria were proposed (Table 2.10).  
Table 2.10 Summary of the modified failure criteria for anisotropic rocks 
Original criterion  Modified failure criterion  References  
Mohr-Coulomb  
criterion 
Jaeger’s criterion (Jaeger 1960) 
Variable cohesion and friction angle criterion (McLamore and Gray 1967) 
Tien and Kuo criterion (Tien and Kuo 2001) 
The plane of patchy weakness theory (Fjær and Nes 2014) 
A Nonlinear criterion (Singh et al. 2015) 
Sliding and non-sliding model (Asadi and Bagheripour 2015) 
Shi’s criterion (Shi et al. 2016a) 
Barton-Bandis  Duveau and Shao criterion (Duveau et al. 1998) 
criterion An extended plane of weakness theory (Halakatevakis and Sofianos 2010) 
Hoek-Brown  Colak and Unlu criterion (Colak and Unlu 2004) 
criterion Saroglou and Tsiambaos criterion (Saroglou and Tsiambaos 2008) 
 Shi’s criterion (Shi et al. 2016b) 
In a recent publication, Liu and Yuan (2015) proposed a coupled damage model which 
includes the shear strength of the macroscopic joint. However, as pointed by Liu and Yuan 
(2015), the joint stiffness effect on the deformability of the rock mass was ignored. In 
addition, it seems that they consider the shear strength in an arbitrary way using a coupling 
damage model. Within the framework of SDM, no studies have been found to represent the 
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geometrical and mechanical behaviours due to the pre-existing joint. Therefore, there is a 
need to develop a SDM for anisotropic rock masses considering joint orientations and joint 
mechanical properties. 
This section summarizes previous studies on the theoretical and numerical modelling of 
mechanical behaviours of anisotropic rock masses. Although these studies lay the 
foundation in the area, there are still many unresolved challenging issues:  
1. The complex relationships between microscopic parameters and macroscopic 
properties for BPM, especially FJM, are not clear; 
2.  Dynamic behaviour of jointed rocks is still an under-research area in rock 
engineering; 
3. The joint orientation of the anisotropic rock masses is not properly considered in the 
current statistical damage model. 
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A flat-jointed bonded-particle model (BPM) has been proved to be an effective tool for 
simulating mechanical behaviours of intact rocks. However, the tedious and time-
consuming calibration procedure imposes restrictions on its widespread application. In this 
study, a systematic approach is proposed for simplifying the calibration procedure. The 
initial relationships between the microscopic, constitutive parameters and macro-
mechanical rock properties are firstly determined through dimensionless analysis. Then, 
sensitivity analyses and regression analyses are conducted to quantify the relationships, 
using results from numerical simulations. Finally, four examples are used to demonstrate 
the effectiveness and robustness of the proposed systematic approach for the calibration 
procedure of BPMs.   
Keywords: Discrete element method; bonded-particle model; Flat-jointed model; micro-












Numerical modelling provides the possibility for understanding the complexity of rock 
mechanical behaviours via analogy simplification. Cundall (1971) proposed the discrete 
element method (DEM) to simulate the microstructure features and mechanical properties 
of intact rocks. The particle flow code (PFC) (Itasca Consulting Group Inc 2014), as the 
most widely used DEM code in geomechanics, uses a granular assembly following 
Newton’s law of motion. Such models are based on the belief that one can replicate the 
macro-properties of intact rocks if one can reproduce rock’s microstructures and the 
corresponding interactions between them.  
 
Figure 3.1 The scanning electron microscopy image of marble on the left, and the flat-
jointed model material on the right. 
At the early stage, PFC models were limited to simulating the mechanical behaviours of 
cohesionless granular materials without bonds between particles (Cundall and Strack 1979). 
In 2004, the bonded-particle model (BPM) (Potyondy and Cundall 2004) was introduced 
to reproduce the microstructures (see Fig. 3.1) and its corresponding macro-properties for 
intact rocks.  
BPM can reproduce the behaviours of particle assemblies bonded by cementations, which 
mimic both the microstructure and the mechanical behaviours of intact rocks. The 
mechanical behaviours investigated in the literature include elasticity (Potyondy and 
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Cundall 2004; Schöpfer et al. 2007), fracturing (Zhao et al. 2015; Zhou et al. 2016), failure 
processes (Duan et al. 2015b), damage zones (Fakhimi and Villegas 2007), rock cutting (He 
and Xu 2015), crack initiation and coalescence processes (Vesga et al. 2008; Ning et al. 
2015; Tian and Yang 2017) and shearing behaviours of soil-rock mixture (Xu et al. 2015) 
Three BPMs, the linear-bond model (LBM), the parallel-bond model (PBM) and the flat-
jointed model (FJM), are provided in PFC (Itasca Consulting Group Inc 2014). PBMs and 
FJMs are the most widely used in brittle rock simulations, which can produce a good match 
of mechanical behaviours of rocks at lab scales. However, a BPM with a LBM or a PBM 
suffers from three intrinsic problems: the unrealistic ratio of uniaxial compressive strength 
(UCS) to tensile strength (TS), the unrealistic low internal friction angle, and the unrealistic 
linear failure envelope (Potyondy and Cundall 2004; Cho et al. 2007; Schöpfer et al. 2007; 
Wu and Xu 2016). These limitations can be addressed in two ways: By either increasing 
interlock in the numerical models, i.e. creating clumps of particles (Cho et al. 2007), which 
will increase computation time; or by introducing a grain-based model.  
(Potyondy 2012) reproduced the stress-strain behaviours of granite by using uniaxial 
compression tests and biaxial compression tests with the FJM. The work also revealed that 
macro-properties such as Young’s modulus (𝐸 ), Poisson’s ratio (ν) and UCS can be 
matched to the laboratory data, and so too can the ratio of UCS to TS. Using a three-
dimensional (3D) analysis, Wu and Xu (2016) confirmed that the unrealistically low ratio 
of UCS to TS can be fixed through FJM. They further explored the excessively low internal 
friction angle and the unrealistic failure envelope through uniaxial compression tests and 
triaxial compression tests. Vallejos et al. (2016) compared the PBM and FJM for intact rock 
simulations, and highly recommended FJM for intact rock simulations with and without 
confining pressures.  
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Despite the successful applications of the FJM for intact rock simulations, one issue remains 
unresolved: there are no direct relationships between micro-parameters of the FJM and the 
macro-mechanical properties of the rock being analysed. A tedious and time-consuming 
calibration process, on a trial and error basis, is normally required. This process involves 
performing numerical uniaxial compression tests, and direct or indirect tensile strength tests 
to derive a set of micro-parameters for the BPM using FJM. The time-consuming 
calibration process imposes significant restrictions on FJM’s widespread applications for 
solving rock engineering problems. Numerous studies to address this issue for the PBM 
have been published (Huang 1999; Yang et al. 2006; Fakhimi and Villegas 2007). For 
example, a dimensionless analysis (Huang 1999) was introduced in the calibration 
procedure, which was proven to be more efficient and convenient (Yang et al. 2006; 
Fakhimi and Villegas 2007; He and Xu 2015). Yang et al. (2006) further proposed some 
empirical quantitative relationships to derive macro-properties of numerical models from 
micro-parameters. In contrast, for FJM, we found no published studies that quantify the 
relationships between micro-parameters and the macro properties of rocks. These 
relationships are expected to be completely different from those for the PBM because of 
their different mechanical behaviours at the micro-level (Potyondy 2012).  
This paper aims to quantify the relationships between micro-parameters and macro-rock 
properties for FJM, which can then be used to build more effective and consistent numerical 
models for subsequent DEM studies. First, the background theory of FJM is reviewed. 
Using dimensionless analysis, we introduce the initial relationships between the micro-
parameters and macro-properties of FJM. Then, the set of microscopic structure parameters 
that can generate a well-connected and isotropic particle assembly are determined. This 
paper then presents the results of uniaxial compression tests and direct tension tests, which 
are carried out to evaluate the effects of the individual, microscopic, constitutive parameters 
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on macro-rock properties. The results were used to simplify the proposed initial 
relationships. Regression analyses are performed based on the dimensionless analyses and 
the numerical modelling results to quantify the relationships. Finally, the performance of 
the derived relationships was assessed by testing them against four different types of rocks.  
2 Relationships between micro-parameters and macro-rock properties 
of FJM 
In this section, the fundamentals of FJM are reviewed, and the initial relationships between 
micro-parameters and macro-rock properties are introduced through dimensionless analysis. 
2.1 Background theory of BPM 
The BPM was introduced to simulate the mechanical behaviours of an assembly of rigid 
particles that are bonded together at and interact with each other through their contacts. The 
movement of these particles follows Newton’s law of motion, while the interaction between 
particles is determined by constitutive models implemented at their contacts. The motion 
of particles includes two components: translational motion and rotational motion. As shown 
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ijk are the normal and shear stiffness of the contact between particle i and 
particle j, 
n
ijU is the overlap used to simulate the deformation of the particle in the normal 
direction, and 
s
ijU is the shear displacement increment between particle i and particle j. 
 
                                                 (a)                                                        (b) 
Figure 3.2 (a) Forces and moments acting on a part; (b) Force-displacement behaviour at a 
contact 
To simulate the quasi-static condition in DEM using the dynamic formulation 
implementation discussed above, some form of damping is necessary to dissipate the kinetic 
energy. In this study, the global damping was applied to damp out the particle accelerations.  
2.2 Basic theory of FJM 
The FJM provides the macroscopic behaviour of a finite-size, linear elastic, and either 
bonded or frictional interface that may sustain partial damage. The interface, a flat line in 




A contact of FJM is active when any element is either bonded or has a negative gap. The 
contact may be deleted at the discretion of the contact detection logic when the distance 
between the notional surfaces becomes greater than the initial surface gap g
0
. The 
implemented constitutive model of FJM is described in PFC manual (Itasca Consulting 
Group Inc 2014). The force-displacement relationship and yielding criterion are briefly 
described below.  
The force-displacement relationship of FJM is determined by the relative displacement of 
two notional surfaces. Each of the equally discretised elements carries a force (  ) and a 
moment (  ), and can be either bonded or de-bonded at the centre of the interface, which 
coincides with the contact location. Then the normal stress and shear stress of FJM can be 
calculated. 
When the bonded element is under tension, the tensile stress sustained by the bonded 
element can increase until the tensile strength of the bond is exceeded; then, the bonded 
element breaks (a tensile crack) and becomes a de-bonded element. The tensile strength of 
a de-bonded element by definition is zero. On the other hand, the shear strength of FJM 




where c is the bond cohesion and ϕ
b
 is the local friction angle. The bonded element will 
break into a shear crack when the shear strength of the bond is exceeded. On the other hand, 






 is the residual friction angle. The strength envelope of a bonded element is shown 




Figure 3.3 Failure envelopes for bonded elements and unbonded elements (Labuz and 
Zang 2012) 
It is worthwhile to mention that for the FJM, the interface may evolve from a fully bonded 
state to a fully de-bonded and frictional state. Note that the breakage is brittle in FJM. 
However, the fully de-bonded interface is not removed during the simulation, so the 
interface will continue to resist relative rotation. This fictitious notional surface can, 
therefore, increase the ratio of UCS to TS by grain interlocking, which reflects rock 
behaviours more realistically at a micro scale, and is more advantageous compared with 
other bonded particle models (Potyondy 2012; Wu and Xu 2016).  
For elastic deformability, in the latest version of PFC (Itasca Consulting Group Inc 2014), 
deformability method is employed to substitute the contact model properties. In this 
approach, the elastic contact properties, such as kn and ks, are not specified directly; rather, 
kn and ks  of contacts are modified in the programme simultaneously to meet a target 
effective modulus (E*) of the ball assembly. More details can be found in related works 
(Potyondy 2012; Wu and Xu 2016) and PFC manual (Itasca Consulting Group Inc 2014). 
2.3 Preliminary relationships between micro-parameters and macro-properties 
The dimensionless method (Huang 1999; Yang et al. 2006; Fakhimi and Villegas 2007; He 
and Xu 2015), through uniaxial compression tests and direct tension tests (Fig. 3.4), was 
proved to be useful and efficient for establishing the relationships between macro-
63 
 
mechanical properties and micro-parameters. The BPM parameters can be divided into 
three groups: boundary conditions, micro-structure and geometrical parameters, and micro-
mechanical and constitutive parameters between the particles, as shown in Table 3.1: 
Table 3.1 Three groups of micro-parameters of BPM 




Specimen width  w mm L 
Specimen height  l mm L 






Ratio of maximum to minimum ball radius  rmax/rmin [-] [-] 
Ratio of specimen width to the median ball diameter  w/d [-] [-] 
Bond surface gap g
0
 m L 
Porosity of the synthetic the numerical specimen  n [-] [-] 




Effective modulus of bond E* GPa F·L
-2 
Stiffness ratio of contact k
*
 [-] [-] 
Tensile strength of contact t MPa F·L-2 
Cohesion of bond c MPa F·L-2 
Friction angle of bond ϕ
b
 ° [-] 
Residual friction coefficient of bond μ [-] [-] 
Note: [F, L, T] represent the primary dimension of force, length and time respectively. 
The mechanical properties, such as UCS, TS, E  and ν  of FJM are governed by these 
parameters listed in Table 3.1. Dimensionless analysis, based on the Buckingham π theorem 
(Sonin 2004), was employed to establish the initial relationships between micro-parameters 







)=0, where qi is a physical variable, can be rewritten in terms of a set 
of dimensionless parameters ϕ(π1,π2,…,πn)=0 , where πI  is the dimensionless variable 
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constructed from the original variable. Therefore, different mechanical properties of FJM 
can be expressed in term of dimensionless parameters constructed from these micro-
parameters. 
In this study, the loading rate V, one of the boundary parameters, was removed from the 
analysis because only the quasi-static loading conditions were considered. For this reason, 
and based on the work done in previous studies and the PFC manual (Itasca Consulting 
Group Inc 2014), V is set to 0.02 m/s. Therefore, there are a total of 10 physical parameters, 




, μ, E*, c, t} for the FJM, which can be represented by 9 




, μ,  E*/c, t/c}. 
The macro elastic properties, namely  E and  ν, are determined by the E*  and k
*
 in the 
elastic regime where no failure occurs (Huang 1999; Potyondy and Cundall 2004). However, 
the macro-strength properties, such as UCS and TS in the numerical model, depend on both 
the bond/interface strength parameters and the micro-elastic parameters. Invoking the 
Buckingham π theorem, the following equations are suggested for the relationships between 
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3 Sensitivity analysis for the effects of individual parameters on the 
macro-properties  
In this section, the influences of micro-structural parameters of the BPM on macro 
properties were discussed based on both previous studies and current numerical simulations 
in order to generate a homogenous, isotropic and well-connected granular assembly. A 
sensitivity analysis was then used to investigate the effects of individual constitutive micro-
parameters on macro-rock properties. Parameters that have limited or no effects on the 
corresponding macro-properties were removed from the relationship. As shown in Fig. 3.4, 
a rectangular specimen of 54×108 mm, with randomly distributed particles, was used to 
perform uniaxial compression tests and direct tension tests for sensitivity analysis.  
 
Figure 3.4 Bonded-particle models for the uniaxial compressive test (left) and direct 
tension test (right). 
In modelling compressive loading, see left figure in Fig. 3.4, the UCS test was carried out 
by moving the top platen downward and the bottom platen upward. However, in modelling 
tensile loading, both platens were removed and a group of particles at the top and bottom 
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of the specimen are regarded as “grips”. The direct tensile test was then performed by 
moving the top grip particles upward and the bottom grip ones downward to create tension 
within the specimen. 
3.1 Micro-structural parameters of the BPM 
Micro-structural parameters related to the particle distribution were determined first to 
generate a well-connected particle assembly based on previous studies, as shown in Table 
3.1. The number of elements Nr , ratio of maximum to minimum ball radius rmax/rmin , 
porosity  , and ratio of specimen width to the median ball diameter w/d, are discussed 
below.  
3.1.1 The number of elements (Nr) 
 
Figure 3.5 Stress-strain curves with different numbers of elements for each bond 
Discrete bond elements are first introduced in FJM so their effects on macro rock properties 
need to be investigated. In this study, we progressively increased the number of elements 



























specimen and the results are shown in Fig. 3.5, which indicates that the number of elements 
has limited effect on the mechanical properties of FJM. Note that the calibration study 
mainly focuses on the mechanical properties (UCS, TS, E and ν) rather than the failure 
mode. These properties are fundamental parameters needed for most geomechanical 
investigations. 
The mechanical properties and their corresponding coefficients of variation (COV) are 
listed in Table 3.2. The results show that the number of elements for each interface has no 
effect on the tensile strength while it has a very limited effect on the UCS, E and ν with 
COV less than 2%. Therefore, this variable was removed from further investigations in this 
study. 
Table 3.2 Macro-properties of FJM with different number of elements for each bond and 
the corresponding COV 
Numbers of element UCS (MPa) TS (MPa) E (GPa) ν 
1  75.18 2.03 5.31 0.161 
2  74.23 2.03 5.30 0.161 
3  75.13 2.03 5.29 0.161 
4  72.01 2.03 5.14 0.159 
5  75.63 2.03 5.32 0.161 
6  74.89 2.03 5.31 0.161 
COV (%)  1.76 0.00 1.29 0.51 
3.1.2. Ratio of maximum to minimum ball radius (rmax/rmin) 
The rmax/rmin ratio is related to the particle size distribution, and there are mixed conclusions 
on its influence on the corresponding macro-properties. Ding et al. (2014) indicated that 
UCS and 𝐸 increase while the ν shows an opposite trend with an increasing rmax/rmin ratio. 
Yang et al. (2006), however, pointed out that no obvious effects on E, ν and UCS can be 
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found based on simulation results. Koyama and Jing (2007) argued that the particle size 
distribution has very limited effects on the macro-properties (E, ν, UCS and TS) when the 
ratio of specimen width to the median ball radius w/d exceeds a threshold value. Huang 
(1999) suggested that the particle ratio can be removed from consideration when a particle 
assembly has a sufficient degree of freedom. Previous investigations (Huang 1999; Yang 
et al. 2006; Koyama and Jing 2007) show that the rmax/rmin ratio of published researches 
falls in the range of 1.32-3.00; and 1.66 is the most common choice for the simulation of 
brittle rocks. Therefore, to simplify the BPM establishment process, we suggested that the  
𝑟𝑚𝑎𝑥
𝑟𝑚𝑖𝑛
 ratio is set at 1.66 so it is removed from further considerations. 
3.1.3. Porosity (n) 
The porosity (n), related to the damage in rock (Xue 2015), in PFC-2D is the ratio of the 
total void area within the specimen to the total area of the specimen, which is, in general, 
higher than that of natural rock material. This is because PFC models use circular particles 
to represent rock grains, which is a major limitation of PFC implementation. Porosity n is 
a good index for representing particle distribution parameters that are related to the 
coordination number, defined as the number of contacts per particle. The relationship 
between the porosity and the coordination numbers was established by Oda et al. (1982). 
Many studies (Yang et al. 2006; Schöpfer et al. 2007; Ding et al. 2014) indicate that UCS, 
TS and E  decrease with increasing  , while the ν  is not affected. On the other hand, 
computational efficiency can be substantially increased as n increases (Yang et al. 2006; 
Wang et al. 2014) because of the reduction in the numbers of particles.  
In this study, to simplify the process,   was removed from further considerations by setting 
n to the constant value of 0.16, which corresponds to the porosity when the most commonly 
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used rmax/rmin ratio of 1.66 is used according to previous studies (Potyondy and Cundall 
2004; Yoon 2007; Potyondy 2012).    
3.1.4. Ratio of specimen width to the median ball diameter (w/d) 
As mentioned earlier, the w/d ratio influences the macro-mechanical properties of intact 
rocks. For FJM, a proper ratio needs to be found for numerical simulations. This ratio also 
implicitly defines the size of particles that have to be used, given a specific specimen scale. 
Previous studies covered a wide range of the w/d ratio for other bond models, from 5 to 200 
(Huang 1999; Potyondy and Cundall 2004). These results indicate that the elastic properties 
and strength properties suffer large variations when the w/d ratio is low, and they converge 
to a constant value when this ratio is greater than 50 (Koyama and Jing 2007).  
 
Figure 3.6 The schematic view of a stochastic procedure for BPM model generation. The 












Figure 3.7 Variations of macro-properties for different 𝑤/𝑑 ratios, with 10 realizations for 
each ratio, (a) UCS, (b) E and (c) ν. 
To find a suitable value for FJM, we progressively increased the w/d ratio from 5 to 60, 
with 10 stochastic realisations for each ratio to create 11 different numerical models, as 
shown in Fig. 3.6. In the stochastic realisations, the geometrical properties such as initial 
position and size are randomly attributed to particles according to different random seeds.  
Figure 3.7 shows the scatter plot and mean values of UCS, E and ν versus the w/d ratio. The 
coefficient of variation (COV) is used to evaluate the variability of the macro-properties for 
different w/d ratios, and is also plotted in Fig. 3.7. The results show that the average UCS 
and ν decrease while the E increases as the w/d ratio increases, which is consistent with the 
results by Koyama and Jing (2007), Schöpfer et al. (2007) and Yoon (2007). 
The acceptable COV used to determine a suitable w/d ratio was set to 5%. The simulation 
results show that the optimal ratios are 40 and 45 in terms of UCS and ν, but it is found to 
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be 10 for E because of its low variability with different w/d ratios. Therefore, a minimum 
w/d ratio of 45 was selected, which ensures that macro-properties such as UCS, E and ν 
converged to a stable value.  
To summarize, the final boundary parameters and micro-structural parameters for the FJM 
that were suitable for simulating the mechanical behaviours of rock materials are 
summarised in Table 3.3. 
Table 3.3 Boundary and microstructure parameters for the FJM 
Boundary parameters Microstructure parameters 
w (mm) l (mm) 𝑉 (m/s) rmax/rmin g0 Nr n w/d 
54 108 0.02 1.66 1e-4 3 0.16 45 
The determination of these micro-structural parameters is a prerequisite for generating a 
suitable and consistent homogenous and isotropic particle assembly, for both laboratory-
scale investigation and large-scale field application problems. Each numerical model 
should have enough number of particles to ensure that the model has a large sufficient 
degree of freedom so that stable and reliable mechanical behaviours can be obtained. At the 
micro-scale, each particle should have at least three contacts to ensure that the particle in 
the model is stable and well-connected so that flat-jointed bonds can be properly installed. 
These contacts are largely influenced by the initial gap g
0
 and porosity n. If the micro-
structure parameters listed in Table 3.3 are used, the average contact number is 4.08, 
indicating a well-connected BPM.  
3.2 Constitutive parameters  
In this section, influences of individual constitutive parameters of FJM on macro-properties 
such as UCS, TS, E and v are investigated through sensitivity analysis. The initial 
microscopic constitutive parameters for sensitivity analysis are listed in Table 3.4. The 
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results are summarised in Fig. 3.8. The macro-properties are normalised by the maximum 
value of the corresponding macro-properties. Table 3.5 lists the variability of macro-
properties for different ranges of constitutive micro-parameters, expressed in the form of 
coefficient of variation (COV). Detailed discussions of these results are given below. 









Local friction angle 
ϕb 
2 20 (GPa) 4 (MPa) 40 (MPa) 35 (degree) 
 
Table 3.5 COV of macro-properties corresponding to individual parameters 
Coefficient of Variation (COV) (%) E ν σc σt 
Stiffness ratio, k* 5.49 22.38 2.89 2.43 
Effective modulus, E* 62.96 0.35 1.85 0.58 
Bond tensile strength, t 0.25 0.38 0.14 18.64 
Bond Cohesion, c  0.12 0.24 28.59 0.00 
















Figure 3.8 Macro-properties of FJM with variation of individual parameters: (a) stiffness 
ratio, (b) effective modulus, (c) bond tensile strength, (d) bond cohesion, (e) internal 
friction angle. 
3.2.1 Stiffness ratio (k*) 
The effects of k* on the macro-elastic and strength properties of the synthetic rock, when 
k* increases from 1.4 to 3.6, are illustrated in Fig. 3.8a. Obviously, the influences on both 
E and ν are significant. As k* increases, the E of BPM material decreases, but the ν increases.  
These results for the FJM are consistent with previous works with PBM (Huang 1999; Yang 
et al. 2006; Fakhimi and Villegas 2007; He and Xu 2015). Therefore, k* is the dominant 
factor for calibrating these two macro-elastic properties with the COV of 5.49% and 22.38% 
respectively, indicating significant variations. 
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On the other hand, k* has a limited effect on UCS and TS, with a COV value of only 2.89 % 
and 2.43%, respectively. Slight decreases in UCS and TS can be seen as k* increases. 
However, the tendency for the variation of UCS is not clear, and the benefit of including k* 
in the determination of UCS should be further assessed. 
3.2.2 Effective modulus (E*) 
Young’s modulus E is linearly dependent on the E* for the FJM material (see Fig. 3.8b). 
The relationship is dominant with a COV of 62.96%, much higher than the COV by other 
micro-parameters, including k* discussed above. The influence of E* on ν and TS can be 
ignored where the corresponding COV is less than 1%. UCS increases slightly when E* 
increases, but the corresponding COV value is relatively low at 1.85%.  
3.2.3 Bond tensile strength (t) 
Elastic properties are found to be independent of t of the FJM, as shown in Fig. 3.8c. These 
results are consistent with that for PBM. As expected, for the strength properties of BPMs, 
this parameter dominates the influence on the TS with a linear relationship and a COV value 
of 18.64%. On the other hand, the UCS increases with increasing t, as local tensile failure 
causes damages and therefore contributes globally to the strength reduction. As the trend 
of variation is clear, t was also included in the relationship to determine the UCS of the 
FJM. 
3.2.4 Bond cohesion (c) 
The simulation results reveal that the elastic properties (E and ν) are independent of c with 
COV of only 0.12% and 0.24% respectively, see Fig. 8d.  This is consistent with previous 
investigations using PBM. For macro-strength properties, the TS is independent of c and 
therefore c can be excluded from the function to estimate the TS of FJM material. On the 
other hand, the UCS of FJM material has a positive linear relationship with c, one of the 
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primary factors governing the UCS, with a COV of 28.59%. It is strange at the first sight 
that c has effect on UCS but not on TS. This phenomenon, however, lies in the fact that 
tensile failure and shear failure are governed by two separate parameters t and c at the 
particle level due to DEM implementation, as mentioned in Section 2.1. 
3.2.5 Local friction angle (ϕb)  
Finally, the ϕb was studied to assess its influences on the macro-properties of FJM (see Fig. 
3.8e). As the residual friction angle r (Fig. 3.3) only influences the post-peak behaviours 
(beyond the scope of the current study), but has no effect on the pre-failure macro-properties 
(Wu and Xu 2016), this parameter is not included further in this study.  Figure 8e suggests 
that ϕb has no effect on the E and ν, because ϕb will not take any effect until the bond breaks 
and sliding between particles occurs. For the same reason, the ϕb also has no effect on the 
TS and therefore can be removed from of the relationship for TS. However, the resistance 
to sliding between particles has the dominant effect on the UCS of FJM with a COV of 
69.50%. This is perhaps one of the merits of FJM as resistance to sliding between rock 
grains at the micro-scale under compression is the behaviour expected from rock materials. 
Based on the results discussed above for FJM materials, E is affected by E*and k* but ν is 
only related to k*. For strength properties, TS is determined by k* and t, while UCS has a 
more complex relationship with almost all constitutive micro-parameters. Therefore, the 










































When employing the Mohr-Coulomb (MC) failure criterion and the deformability method 
discussed above at the particle level, FJM can reproduce realistic macro-mechanical 
properties of intact rocks. The deformability properties, such as E and ν, are elastic 
properties before failure and only relate to microscopic deformability parameters such as 
E* and k*. However, the macro-strength properties, UCS and TS, are dependent at the 
particle level not only on the micro-strength parameters but also the micro-deformability 
parameters. A possible explanation for this is that the elastic mismatch at the particle level 
will induce stress related localised tensile failure, which may evolve into shear failure at 
the global scale. 
4 Regression analysis 
The simplified relationships listed above can be further quantified using regression analysis 
based on numerical simulation results. We used linear regression, non-linear regression and 
multivariate regression techniques to obtain the best-fit relationships for different macro-
properties. This section presents these relationships in the order of complexity. The 
determination of ν is the simplest, because it only depends on k* as discussed above. Then, 
the relationships for E and TS are described, because they depend on two micro-parameters: 
E* and k*, 𝑡 and k*, respectively. The last relationship described is for UCS as it depends 
on all micro-parameters. This order of relationships should also be followed in practice to 
derive micro-parameters for FJM in order to match a set of given macro-rock properties. 
The macro-mechanical properties of BPM are derived from stress-strain curves: E and ν 
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can be obtained in the elastic region and UCS and TS can be derived at the peak of stress-
strain curves under uniaxial compression tests and direct tension tests, respectively.  
4.1 Poisson’s ratio 
Based on the sensitivity analysis conducted, Poisson’s ratio ν of FJM materials is mainly 
determined by k*. In this study, the range of ν covered by our numerical simulations was 
between 0.10 and 0.35 as shown in Fig. 3.9, which is the value range for most rock materials 
(Alejandro 2013). The best, non-linear regression gives the following expression: 
ν=0.155 ln (k*)+0.053, R2=0.995  (3.15) 
A closed-form expression for ν can be derived using a microstructure continuum approach 
(Chang and Misra 1990; Bathurst and Rothenburg 1992). The expression, as derived in 











Figure 3.9 Effect of k* on Poisson’s ratio and a comparison with existing analytical 
solution 





















Stiffness ratio k* 
Numerical results (this study)




This relationship is also plotted in Fig. 3.9 as a comparison. This analytical solution 
suggests that ν has a non-linear relationship with k*. However, this closed-form solution 
gives an upper limit of 0.25 for ν, which is inconsistent with laboratory data. Based on our 
proposed relationship, k* for FJM should be less than 20 so a realistic ν can be obtained.  
4.2 Young’s modulus 
Young’s modulus was determined by E* and k* of the FJM, see Eq. 3.11. The numerical 
simulation results are shown in Fig. 3.10 suggest that a ratio of E to E* has a non-linear 
relationship with the k*. The best-fit relationship is: 
𝐸 = 𝐸∗[−0.185 ln(𝑘∗) + 1.151], 𝑅2 = 0.991 (3.17) 













where r is the radius of the particle, N is the number of contacts, Kn is the normal stiffness 
of contact and V is the volume of packing. The expression obtained by non-linear regression 
analysis is similar to the closed-form analytical equation (Eq. 3.18). 
As a comparison, the analytical solution is also plotted in Fig. 3.10. An obvious discrepancy 
can be seen when k* is less than 3, but the difference gradually disappears when k* is greater 




Figure 3.10 Effects of k* on the ratio of Young’s modulus to the effective modulus and a 
comparison with existing analytical solution 
 
Figure 3.11 Effects of k* on the ratio of tensile strength to effective tensile strength 
4.3 Tensile strength 
Unlike elasticity properties, no closed-form solutions can be found to link strength 
properties such as UCS and TS to micro-parameters of BPM. Using dimensionless analysis 
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and numerical simulation results, the relationship between the ratio σt/t and k* can be 
established by non-linear regression, see Fig. 3.11. The expression is: 
σt=t[-0.035 ln(k
*)+0.596], R2=0.965 (3.19) 
4.4 Uniaxial compressive strength 
The UCS of FJMs demonstrates a complex, multivariate relationship with the whole set of 
micro-constitutive parameters, including c, t and ϕb, E* and k*. Based on the dimensionless 
analysis, the multivariate regression of the simulation results gives the following 
relationship between UCS and the micro-parameters mentioned above. The relationship is 
determined through regression analysis of 85 sets of micro-constitutive parameters used for 















4.5 Calibration procedure 
The obtained relationships described above can be used to estimate the micro-constitutive 
parameters needed for applying the FJM for geomechanical analysis. In this study, the local 
friction angle ϕb was first arbitrarily determined, as it is only related to post-peak behaviours 
(Vallejos et al. 2016; Wu and Xu 2016). The following procedure should be used to derive 
a set of suitable micro-mechanical parameters for the FJM in order to match a set of macro-
rock properties, in addition to the geometrical parameters listed in Table 3.3: 
1. Estimate the stiffness ratio k* through Eq. 3.15 to match Poisson’s ratio ν; 
2. Estimate the effective modulus E* through Eq. 3.17, with the stiffness ratio k* determined 
in step 1 to match Young’s modulus E; 
3. Estimate the bond tensile strength t through Eq. 3.19, with the stiffness ratio k* determined 
in step 1 to match tensile strength; 
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4. Estimate the bond cohesion 𝑐 through Eq. 3.20 with stiffness ratio k* determined in step 1, 
effective modulus E* in step 2, bond tensile strength 𝑡 in step 3, and pre-determined local 
friction angle ϕb to match UCS. 
The proposed UCS model has a complex, multivariate relationship with micro-parameters and 
therefore great care should be taken to ensure if the desired UCS value can be achieved after all 
micro-parameters are obtained. If it is necessary to adjust the value of UCS, c can be altered until 
the desired UCS value is obtained as this will not affect other micro- or macro-properties because c 
only appears in the relationship for UCS. 
Table 3.6 The comparison between experimental data and numerical simulation results of 
macroscopic mechanical properties of four types of rocks 
Rock types UCS (MPa) TS (MPa) E (GPa) ν 
Avro granite  
(Olofsson and Fredriksson 2005) 
Experiment  192.00 13.00 72.00 0.200 
Numerical  188.53 13.05 72.23 0.204 
 COV (%) 1.289 0.271 0.225 1.400 
Sandstone  
(Peng and Zhang 2007) 
Experiment  107.50 11.30 35.40 0.252 
Numerical  92.39 11.36 35.42 0.255 
 COV (%) 10.690 0.374 0.039 0.836 
Transjurane sandstone  
(Peng and Zhang 2007) 
Experiment  40.00 2.80 12.50 0.300 
Numerical  38.04 2.80 12.59 0.295 
 COV (%) 3.550 0.000 0.507 1.188 
Coal  
(Peng and Zhang 2007) 
Experiment  22.30 0.88 18.48 0.303 
Numerical  22.62 0.927 18.71 0.287 
 COV (%) 1.007 3.678 0.874 3.835 
 𝑅2 0.9925 0.9999 0.9999 0.9832 
 AAREP 6.190% 1.495% 0.579% 2.062% 
5 Validation  
In order to evaluate the effectiveness of the proposed empirical relationships in constructing 
a FJM, four different types of rocks, with different combinations of strength and elasticity 
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properties, were used. The macro-properties of these rocks are listed in Table 3.6. The 
procedure proposed in Section 3.4 was employed to obtain the micro-constitutive 
parameters for the selected rocks, as listed in Table 3.7.   
Table 3.7 Summary of micro constitutive parameters used for the rocks studied 











Local friction angle 
(degree) 
A-granite  2.582 73.774 23.102 84.530 35.000 
Sandstone  3.610 38.734 20.509 38.710 35.000 
T-sandstone  4.919 14.591 5.184 18.740 35.000 
Coal 5.015 21.662 1.631 11.010 35.000 
A-granite: Avro granite; T-sandstone: Transjurane sandstone 
Numerical simulations were then performed to obtain the macro-mechanical parameters of 
the numerical models constructed using these micro-parameters. The numerical results are 
listed in Table 3.6 for comparison. The coefficient of variation (COV) in this case is used 
to quantify the discrepancy between the numerical results and the experimental data. The 
results show that the values of E, ν and TS can be reproduced very well with COV less than 
2%. The value of UCS, on the other hand, has a higher COV, ranging from 1.0% to 10.7%. 
This suggests greater difficulty in reproducing the UCS accurately, which is expected 
because of its complex relationships with almost all micro-parameters. However, the c, in 
this case, can be adjusted further to reduce the COV value for the UCS if desired.  
For example, in order to better match the value of UCS for the sandstone, c was gradually 
increased until the desired UCS value was obtained. In this case, the c was increased to 45 
MPa while keeping the other constitutive parameters unchanged. This caused the UCS 
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value of the sandstone to increase from 92.39 to 106.29 MPa, with a COV value of only 
0.800%.  
To investigate the reliability of the proposed method, the predicted macro-properties of 
rocks, based on numerical simulations, were compared with the experimental data in more 
detail. In this process, the regression R-squared value (𝑅2) and the average absolute relative 
percentage error (AAREP) were used as a measurement of discrepancy for the assessment 
(Shen et al. 2014): 
𝑅2 = 1 −
∑ (𝑀𝑅, 
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where N is the total number of numerical simulations, 𝑀𝑅, 
𝑜𝑏𝑠 and 𝑀𝑅, 
𝑝𝑟𝑒𝑑
 are experimental 
value and numerical value, respectively, and 𝑀𝑅, 
𝑎𝑣  is the average of the numerically 
determined values.  
The values of these discrepancy measurements are listed in Table 3.6. A visual comparison 
between experimental data and simulation results of four macro-properties is given in Fig. 
3.12. A close agreement was observed between the data and the numerical results. The 
values of 𝑅2 for all macro-properties were higher than 0.98, and the values of AAREP were 





Figure 3.12 Prediction performances for different macro-properties 
To evaluate the reliability of the proposed method when micro structure parameters change, 
the effect of different w/d ratio was further assessed. For Hawkesbury sandstone, numerical 
models with w/d=67.5, using parameters listed in Table 3.8 (as predicted by the proposed 
model) were subjected to uniaxial compression and direct tension tests to derive mechanical 
properties. The COV values of TS, E and ν were all below 3%, which is considered an 
acceptable level of discrepancy. However, the COV value of UCS was 10.08, indicating 
that c, in this case, may be adjusted further to reduce the COV value for the UCS if desired. 
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Table 3.8 The comparison between experimental data and numerical simulation results of 
the macro-mechanical properties of Hawkesbury sandstone, with w/d=67.5 
Rock type UCS (MPa) TS (MPa) E (GPa) ν 
Hawkesbury sandstone  Experiment  50.8 4 11 0.2 
Numerical  58.60 4.08 11.14 0.194 
 COV (%) 10.08 1.40 0.89 2.15 
6 Conclusions 
When using flat-jointed BPMs, one may encounter tedious and time-consuming calibration 
procedures to find a suitable set of parameters that can be used to generate a proper 
numerical specimen for geotechnical investigations of intact rocks if a trial and error 
approach is used. In order to solve this problem, a systematic approach to simplify the 
calibration procedure is proposed. Based on dimensionless analysis, sensitivity analysis, 
regression analysis and numerical simulation results, four relationships between macro-
rock properties such as UCS, TS, E and ν, and micro–parameters of the flat-jointed BPM 
such as k*, E*, t, c and ϕb were derived to facilitate the proposed parameter derivation 
procedure.  
When determining the micro-parameters for the flat-jointed BPM, after the structural 
parameters (such as Nr , n, rmax/rmin and w/d) are determined, k* should be determined based 
on the desired ν first. E* should then be determined to match 𝐸  of the rock material, 
followed by t based on the TS of the rock material. Finally, the c should be determined to 
match the desired UCS.  
The effectiveness and robustness of this approach were confirmed by the close agreement 
between the numerical results and the experimental results including both pre-peak and 
post-peak stages. Note that some additional minor adjustments of c may be necessary to 
88 
 
achieve a better match for the derived UCS, as demonstrated in the validation test for the 
sandstone example.   
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In nature, several forms of anisotropy in rocks, resulting from the presence of bedding 
planes, joints and weak layers, strongly influence the mechanical properties of the jointed 
rock mass, which can be critically important to the stability of surface or underground rock 
excavation. However, the anisotropic characteristic is often ignored by the existing uniaxial 
dynamic failure criteria. The pre-existing persistent joint effect on the rate-dependency 
mechanical properties of the jointed rock masses is investigated by a particle mechanical 
approach, bonded particle model (BPM). First, the capabilities of simulating jointed rock 
masses and capturing rate-dependency mechanical properties for BPM are validated by the 
comparison BPM simulation results to the previous experimental results. Then a dynamic 
strength model is proposed based on the Jaeger’s criterion and simulation results. To further 
investigate the dynamic behaviours, the dynamic UCS for the anisotropic rock masses with 
various joint orientation are investigated by subjected the BPM models UCS tests with 
various strain rate. The proposed dynamic strength model is validated based on the 
simulation results using discrepancy indicators. Then, the fragmentation characteristics of 
the jointed rock masses are presented and indicate that the failure mode may affect the 
dynamic UCS. This is further confirmed by carrying out the analysis orientations of 
microscopic cracks from a micro-mechanical perspective.  







List of symbols: 
𝜎𝑢𝑑 (MPa) Uniaxial dynamic compressive strength 
𝜎𝑢𝑠 (MPa) Uniaxial static compressive strength 
C Material constant   
𝑅𝑆𝐶𝑑 The dynamic rock strength constant of the granite  
𝑠 (s
-1) The static strain rate, which has different values in different 
references 
𝑟 (s
-1) The reference strain rate 
𝑑 (s
-1) The dynamic strain rate 
a Material constant 
n Material constant 
𝜎1𝑑 (MPa) The dynamic triaxial compressive strength 
𝜎1 (MPa) The major principal stress 
𝜎3 (MPa) The minor principal stress 
𝑐𝑑 (MPa) Dynamic cohesion 
𝜑 (°) Internal friction angle  
m Hoek-Brown constant for rock material 
COV (%) Coefficient of Variation  
𝑤/𝑑  Ratio of maximum to minimum ball radius 
𝑔/𝑟𝑚 𝑛 Ratio of installation-gap  
 𝑝 Porosity 
𝑁𝑟 Number of elements 
𝐸∗(GPa) Bond modulus 
𝑘∗ Stiffness ratio 
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μ Friction coefficient 
𝑡  (MPa) Bond tensile strength 
𝑐 (MPa) Bond cohesion 
𝛷𝑏 (°) Bond friction angle 
𝑐𝑗 (MPa) Joint cohesion 
𝜙𝑗 (°) Joint friction angle 
𝛽 (°) Joint orientation 
𝑅2 Regression R-squared value 
AAREP  The average absolute relative percentage error 
𝜎𝑢𝑠(𝑛𝑜𝑟𝑚𝑎𝑙 𝑧𝑒𝑑) The normalized static UCS predicted by the Jaeger’s prediction  
A, B, C The coefficient parameter based on the simulation results 
𝐴90 Regression value for A when 𝛽 = 90° 
𝐵90 Regression value for B when 𝛽 = 90° 
N The total number of numerical simulations 
𝑀𝑅, 
𝑜𝑏𝑠  Simulation results 
𝑀𝑅, 
𝑝𝑟𝑒𝑑
 Theoretical predications 
𝑀𝑅, 








1 Introduction  
It is well known that the dynamic mechanical properties of rocks are different from those 
measured in quasi-static conditions (Zhang and Zhao 2014). For many engineering 
applications, including drilling and blasting, which deal with dynamic behaviours of rocks, 
a full understanding of the rate-dependent mechanical properties of rocks is important as 
dynamic behaviours will be the key to assess rock dynamic failure such as rock burst in 
high-stress conditions.  
Published investigations revealed that the mechanical properties of rocks (Brace and Jones 
1971; Li et al. 2004; Jacson et al. 2008; Doan and Billi 2011; Fuenkajorn et al. 2012; Liu 
and Xu 2015; Wasantha et al. 2015) are markedly influenced by the strain rate imposed on 
them, which can be regarded as the dynamic behaviours. These mechanical properties 
include properties such as strength (Doan and Billi 2011), elastic modulus (Brace and Jones 
1971) and fracture toughness (Kim and Chao 2007; Feng et al. 2017). Experimental results 
(Brace and Jones 1971; Wasantha et al. 2015) show that rock failure strength is positively 
correlated with strain rate. With respect to the logarithmic scale of the strain rate, the 
strength increases slowly at lower strain rate but after a critical strain rate, the strength 
increases sharply, as shown in Fig. 4.1. The critical strain rate depends on the type of rock 
and is generally in the range of 10-1 and 103 s-1 (Blanton 1981; Cai et al. 2007; Zhang and 
Zhao 2014; Zhu et al. 2015), which coincides with the range of intermediate strain rates 
(Cadoni 2010). The dynamic behaviour of rocks within this range of strain rates is, therefore, 
the focus of this work and the understanding of such behaviour can help predict the critical 
strain rate. Note in this paper, the term of dynamic behaviour is used loosely to refer to the 
rate-dependent behaviour of rock materials within the range of intermediate strain rates. 
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Table 4.1 Semi-empirical relationships for the estimation of the rate-dependent dynamic 
strength of rock-like materials (modified Zhang and Zhao 2014) 
Material 
type 
Semi-empirical equation  ̇ (s-1) Material constants References 





1), 𝜎𝑢𝑑=340 MPa 
(Masuda et al. 1987)  
Granite  𝜎𝑢𝑑 = 𝑅𝑆𝐶𝑑𝑙𝑜𝑔 (
𝑠
) + 𝜎𝑢𝑠 
 
10-8-100 𝑅𝑆𝐶𝑑=11.9 MPa, 
𝜎𝑢𝑠=170 MPa,  
𝑠 = 0.5 − 1 𝑠
−1 
(Zhao et al. 1999) 













1+𝑛( < 102𝑠−1) 
𝜎𝑢𝑑 ∝
0.3( ≥ 102𝑠−1) 




1+𝑛( < 102𝑠−1) 
𝜎𝑢𝑑 ∝
0.3( ≥ 102𝑠−1) 




144( < 102𝑠−1) 
𝜎𝑢𝑑 ∝
0.31( ≥ 102𝑠−1) 
10-4-104  (Green and Perkins 1968) 
Tuff 𝜎𝑢𝑑 ∝
0.007( < 76𝑠−1) 
𝜎𝑢𝑑 ∝
0.35( ≥ 76𝑠−1) 
10-6-103  (Olsson 1991) 




 ( < 30𝑠−1) 














𝑠 = 3.0 × 10
−5𝑠−1 
(Malvar et al. 1998) 
Note: 𝜎𝑢𝑑  and 𝜎𝑢𝑠  are uniaxial dynamic compressive strength and uniaxial static 
compressive strength; C is a material parameter; RSCd  is the dynamic rock strength 
constant; 𝑠 is the static strain rate, which has different values in different studies, but falls 





Figure 4.1 The uniaxial compressive strength of Solnhofen limestone at various strain 
rates (Green and Perkins 1968) 
Table 4.2 Dynamic failure criterion for intact rock 
Failure criterion  Modified equation   Comments  References 
Mohr-Coulomb 
criterion  
𝜎1𝑑 = 𝜎𝑢𝑑 + 𝜎3
1 + 𝑠𝑖 𝜑
1 − 𝑠𝑖 𝜑
 
𝑐𝑑 =
𝜎𝑢𝑑(1 − 𝑠𝑖 𝜑)
2𝑐𝑜𝑠𝜑
 
𝜑 is hardly influenced 
by  only applicable for 










m is not affected by  (Zhao 2000) 
Note: 𝜎1𝑑  and 𝜎𝑢𝑑  are the dynamic triaxial compressive strength and the dynamic uniaxial 
compressive strength respectively; 𝑐𝑑 is the dynamic cohesion; 𝜑 is the internal friction angle of 
intact rock; m is the Hoek-Brown constant for rock material. 
Based on experimental results, several semi-empirical equations were proposed to estimate 
the dynamic strength of rock and concrete materials at different strain rates (Grady and 
Lipkin 1980; Masuda et al. 1987; Olsson 1991; Malvar et al. 1998; Zhao et al. 1999), as 
listed in Table 4.1. For dynamic failure criteria, Zhao (2000) attempted to incorporate the 
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rock dynamic strength in classical criteria such as the Mohr-Coulomb (MC) and Hoek-
Brown (HB) strength criteria to capture failure strength of rocks under high strain rate, as 
listed in Table 4.2.  
In addition to experimental results mentioned above, many numerical models (Kim and 
Chao 2007; Zhou and Hao 2008; Hao and Hao 2013; Zhang and Wong 2013; Wu and Wong 
2014; Wu et al. 2015) were published for the investigation of the effect of strain rate on the 
mechanical behaviours of rock material, which include intact rocks (Olsson 1991) and 
jointed rock masses (Lankford 1981; Masuda et al. 1987; Zhao et al. 1999). Jacson et al. 
(2008) found that the energy used in bringing the specimen to fracture increases and the 
degree of fragmentation increases with increasing strain rate using bonded particle model 
(BPM) model. The simulation results obtained by Wu and Wong (2014) revealed that the 
dynamic strength of granite becomes more strain rate dependent when the specimen 
contains more micro-cracks. Zhang and Wong (2013) demonstrated that the dynamic 
compressive stress and coalescence stress significant increase, while the crack initiation 
stress slightly increases with the increasing strain rate for a rock specimen with a non-
persistent joint. In their further study using BPM model, Zhang et al. (2017) indicated that 
numbers of shear and tensile cracks, together with the acoustic emissions increase with 
increasing strain rate. However, these BPM models mainly focus on the fragmentation 
characteristic and cracking process, not on the dynamic strengths at different strain rate for 
both intact and jointed rocks.  
The study on the dynamic failure behaviours of jointed rock masses is still very limited. As 
mentioned above, this is, in fact, an important subject in engineering applications where 
both the intact rock and the surrounding discontinuities must be considered simultaneously 
in order to have a more realistic assessment of the dynamic behaviours of rock excavations 
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such as rock burst susceptibility. In this work, we attempt to address this gap using the 
simplest rock mass model: a rock specimen containing a single persistent discontinuity 
oriented at different angles relative to the principal stress direction. The understanding of 
such a simple model can be used to help analyse the dynamic behaviours of more complex 
rock mass models. Discrete element method is used in this research to build the numerical 
models to assess the dynamic behaviours of the jointed rock specimen under dynamic 
loading condition. Based on the simulation results, a rate dependent failure criterion is 
proposed which can be used to estimate the failure strength of a jointed rock mass at 
different strain rates.  
2 Simulation methodology: bonded particle model (BPM) 
Bonded particle model (BPM) is used in this research for numerical simulations. The theory 
of BPM is briefly introduced first followed by a demonstration of the capability of BPM in 
modelling rate-dependent mechanical properties of rock materials through a comparison 
study between numerical simulations and experimental results.  To the best of our 
knowledge, this is also the first research attempt to use a BPM approach to establish the 
relationship between the dynamic strength of intact rocks and the strain rate. 
2.1 Bonded particle model (BPM) 
The BPM (Potyondy and Cundall 2004) was introduced to simulate the mechanical 
behaviours of an assembly of particles that are bonded together and interact with each other 
through their contacts when subjected to external loads. The movement of these particles 
follows Newton’s law of motion, while the interaction between particles is determined by 
constitutive models implemented at their contacts. The motion of particles includes two 
components: translational motion and rotational motion. Contact force and moment arise 
when two particles come into contact. Damage process is simulated by the formation of 
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microscopic shear cracks and tensile cracks when the corresponding shear and tensile stress 
exceed respectively the shear and tensile strength of the bond connecting the particles. BPM 
can be used to model both the mechanical behaviours of intact rocks and rocks with 
discontinuities. 
2.1.1 Modelling intact rock 
The flat jointed model (FJM) developed by Potyondy and Cundall (2004) has been 
demonstrated to be capable of reproducing realistically rock mechanical properties. A set 
of micro-parameters of FJM must be determined first before the simulation model can be 
established. These parameters are derived using a calibration process that can match the 
target macro-mechanical properties of the intact rock. The calibration procedure proposed 
by our previous study (Zhou et al. 2018) is: 
a. The Poisson’s ratio is matched first by changing the micro-parameter of stiffness 
ratio 𝑘∗ in uniaxial compression numerical tests. 
b. With the determined Poisson’s ratio, Young’s modulus is then matched by changing 
the micro-parameter of effective modules. 
c. Finally, the UCS is matched by changing two micro-parameters: bond cohesion and 
internal friction angle of the bond. 
In this work, a rectangular model of 54mm × 108mm containing randomly packed non-
uniform particles with installed bonds. The 2D model is then subjected to uniaxial 
compressive loading and direct tension tests to derive the micro-parameters for the FJM 
corresponding to the type of rock studied. For this study, Hawkesbury sandstone (Wasantha 
et al. 2013) is the subject rock with its mechanical properties listed in Table 4.3. The micro-
parameters of the FJM derived from the calibration process that can simulate the mechanical 
behaviours of this rock are listed in Table 4.4 and the corresponding modelled macro-
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mechanical properties are listed in Table 4.3 together with their variability expressed as 
coefficient of variation (COV), due to the random nature of the numerical model.  
Table 4.3 Mechanical properties of Hawkesbury sandstone (Wasantha et al. 2013): PFC 
model vs experimental results 
Macro-properties UCS, MPa Tensile strength, MPa Young’s modulus, GPa Poisson’s ratio 
Experimental results 50.80 4.00 11.00 0.20 
Numerical results  50.17 4.08 11.02 0.20 
COV (%) 0.51 1.40 0.13 0.70 
Table 4.4 Basic calibrated micro-parameters for Hawkesbury sandstone 




𝑤/𝑑  Ratio of specimen width to the average ball diameter 60 
𝑟𝑚𝑎𝑥/𝑟𝑚 𝑛 Ratio of maximum to minimum ball radius 1.66 
𝑔/𝑟𝑚 𝑛 Installation-gap ratio 4e-2 
 𝑝 Porosity  0.16 





𝐸∗(GPa) Bond modulus 11.40 
𝑘∗ Stiffness ratio 2.5 
μ Friction coefficient 0.77 
𝑡𝑏  (MPa) Bond tensile strength 7.10 
𝑐𝑏 (MPa) Bond cohesion 28.20 
𝛷𝑏 (degree) Bond friction angle 25 
2.1.2 Modelling discontinuities 
To simulate the mechanical behaviours of discontinuities within a rock mass, a smooth joint 
contact model (SJM) was proposed and explored in details by Mas Ivars et al. (2008). The 
SJM simulates the behaviour of a planar interface with dilation regardless of local particle 
contact orientations along the interface. Two particles on both sides of the smooth joint 
contact may slide past each other along the joint plane instead of moving around each other 
following their particle surfaces.  
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The macro-properties of rock discontinuities include normal stiffness, shear stiffness, 
cohesion and friction angle. These properties are represented in SJM indirectly using 
smooth joint micro-parameters such as bond normal stiffness, bond shear stiffness, bond 
cohesion and friction angle at the particle level. Bahaaddini et al. (2013) proposed a 
calibration procedure to derive these micro-parameters which include a normal 
deformability numerical test for normal stiffness and a direct shear numerical test for the 
shear stiffness, cohesion and friction angle, following the guidelines given in ISRM 
suggested method (Ulusay 2014). 
In this study, normal stiffness and shear stiffness of the discontinuity are not considered so 
they are set to a large value to minimise their impact on mechanical properties of the 
discontinuity. The only direct shear numerical test was carried out to match the cohesion 
and friction angle of the discontinuity. The macro-properties of modelled and experimental 
results are summarized in Table 4.5. The corresponding micro-parameters are listed in 
Table 4.6. 
Table 4.5 Mechanical properties of the discontinuity (Wasantha et al. 2013) 
Parameters Laboratory tests Numerical tests 
Friction angle (°) 32.00  31.79 
Cohesion (MPa) 2.20 2.19 





















Figure 4.2 Comparison between theoretical (Jaeger 1959) and numerical results for 
Hawkesbury sandstone with a persistent joint  
2.2 Model validation 
2.2.1 Jointed rock model with a persistent discontinuity 
To demonstrate that BPM+SJM can model the mechanical behaviours of rocks with 
discontinuities, a BPM with a persistent discontinuity oriented at different angles, shown in 
Fig. 4.2, subjected to uniaxial compression loading is used to derive the corresponding UCS, 
normalized by the intact rock UCS, which is considered to be equal to the UCS of the 
jointed rock when the joint orientation 𝛽 = 0˚ or 90˚ . The numerical results are then 
compared with theoretical predictions based on Jaeger’s failure criterion (Jaeger 1959): 
𝜎1 = 𝜎3 +
2 (𝑐𝑗 + 𝜎3𝑡𝑎 𝜙𝑗)




where 𝜎1 and 𝜎3 are the major and minor principal stresses and for the case of uniaxial 
loading, 𝜎3=0; 𝑐𝑗 and 𝜙𝑗 are joint cohesion and joint friction angle, as shown in Table 4.5 




























1                           𝛽 < 𝜙𝑗  𝑜𝑟 𝛽 = 90° 
2𝑐𝑗
𝜎𝑢𝑠
𝑖 𝑠𝑖 2𝛽(1 − 𝑡𝑎 𝜙𝑗𝑡𝑎 𝛽)




A good agreement between theoretical results and numerical results can be observed with 
only a small discrepancy at higher  angles (Fig. 4.2). This discrepancy is caused by the 
boundary effect when the persistent joint intersects both the top and bottom specimen 
surfaces. In these cases, the failure along the discontinuity is no longer dominant and higher 
compressive strength is obtained due to the “rupture failure” behaviour associated with the 
two halves of the specimen separated by the joint (Wasantha et al. 2013). 
2.2.2 Dynamic response of intact rock 
To demonstrate that BPM can also be used to model the dynamic behaviours of intact rock 
material, the specimen as shown in Fig. 4.2 is subjected to uniaxial compression loading 
with various strain rate ranging from 0.001 s-1 to 100 s-1. The micro-parameters used for the 
BPM are as listed in Table 4.4. The normalized UCS (𝜎𝑢𝑑
 𝑛/𝜎𝑢𝑠
 𝑛) , also known as dynamic 
increase factor (DIF), based on simulation results, together with some published 
experimental data (Green and Perkins 1968; Blanton 1981; Doan and Billi 2011; Kimberley 
and Ramesh 2011; Zhang and Zhao 2013; Zou et al. 2016) are plotted in Fig. 4.3. Note that 
to present a unified normalized UCS relationship for different rocks with different strength, 
it is common to use normalized strain rate (dynamic strain rate/reference strain rate) to 
define the relationship for normalized UCS (𝜎𝑢𝑑
 𝑛 /𝜎𝑢𝑠
 𝑛), where the reference strain rate 𝑟 is 
equivalent to the quasi-static strain rate of the rocks (Lankford 1981; Malik et al. 2017). 
From our simulation results, it was found that the strain rate has very limited effect on UCS 
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when the strain rate is below 0.1 s-1. This result is consistent with the result of previous 
studies (Zhang and Wong 2014) where the focus was to find a proper static loading rate for 
BPM. Therefore, the reference strain rate 𝑟 in BPM is determined to be 0.1 s
-1. Fig. 4.3 
shows that the numerical results are consistent with experimental results, suggesting that 
BPM can capture the dynamic response of rock material. To the best of our knowledge, this 
is the first research attempt to simulate the rock dynamic behaviours in terms of normalized 
UCS or DIF using the BPM approach.  As mentioned above, there are numerous published 
dynamic BPM studies, but their focus were mainly on rock fragmentation (Whittles et al. 
2006) and fracturing process (Zhang and Wong 2013; Feng et al. 2017; Zhang et al. 2017). 
 
Figure 4.3 Normalised UCS of experimental and numerical results 
3 The proposed dynamic strength model  
Using the semi-empirical strength relationship mentioned in Section 1 (Green and Perkins 
1968; Olsson 1991), the dynamic uniaxial compressive strength can be related to 




















Green and Perkins 1969, Limestone
Blanton 1981, Sandstone
Blanton 1981, Limestone
Doan and Gary 2009, Granite
Kimberley and Ramesh 2011,
Chondrite
Zhang and Zhao 2013, Marble







, 𝜎𝑢𝑠 ) 
(4.3) 
An exponential expression is commonly used in the literature to describe the relationship 
between the dynamic UCS of rock materials and the normalized strain rate, as listed in 
Table 4.1. Therefore, in this study, a similar form of expression is also used to describe the 
dynamic strength of intact rock: 
𝜎𝑢𝑑(𝑛𝑜𝑟𝑚𝑎𝑙 𝑧𝑒𝑑)





+ 𝐶𝑖  
(4.4) 
where 𝜎𝑢𝑑( 𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑)
𝑖  is the normalized (by static UCS) dynamic strength for intact rock, 
and the Ain, Bin and Cin are coefficients for the intact rock dynamic strength model. Using 
least square regression of the numerical simulation results presented in the previous section, 
Ain, Bin and Cin are found to be 0.02, 0.92 and 0.98, respectively. When the dynamic strain 
rate 𝑑  approaching to 𝑟 , 𝜎𝑢𝑑
𝑖  equals to the static UCS of intact rock and therefore 
𝜎𝑢𝑑( 𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑)
𝑖 = 1. Eq. (3) represents a unified normalised relationship between intact rock 
dynamic UCS and the strain rate and is applicable for different rock types (Fig. 4.4). 
For a jointed rock mass, the static UCS varies with different joint orientation according to 
Jaeger’s criterion presented in Equation (4.1). For dynamic loading cases, assuming the 












Then the dynamic UCS for a rock specimen with a persistent joint, normalised by the static 


























 𝑛 , 𝛽 < 𝜙𝑗  𝑜𝑟 𝛽 = 90° 
2𝑐𝑗
𝜎𝑢𝑠
 𝑛𝑠𝑖 2𝛽(1 − 𝑡𝑎 𝜙𝑗𝑡𝑎 𝛽)
𝜎𝑢𝑑(𝑛𝑜𝑟𝑚𝑎𝑙 𝑧𝑒𝑑)
 𝑛 , 𝜙𝑗 ≤ 𝛽 < 90°  
 
(4.7) 













+ 𝐶 𝑛 ,                  𝛽 < 𝜙𝑗 𝑜𝑟 𝛽 = 90° 
2𝑐𝑗
𝜎𝑢𝑠










If the form of exponential expression is also used to describe the dynamic UCS of rock with 










then the coefficients A, B and C are identical to Ain, Bin and Cin when 𝛽 < 𝜙𝑗  𝑜𝑟 𝛽 = 90° ; 
and when 𝜙𝑗 ≤ 𝛽 < 90°, these coefficients are: 
𝐴 = 𝐴 𝑛 
2𝑐𝑗
𝜎𝑢𝑠
𝑖  𝑠𝑖 2𝛽 (1 − 𝑡𝑎 𝜙𝑗𝑡𝑎 𝛽)
 
(4.10) 
𝐵 = 𝐵 𝑛 (4.11) 
𝐶 = 𝐶 𝑛
2𝑐𝑗
𝜎𝑢𝑠




4 Numerical simulations of the dynamic UCS of a jointed rock mass  
To investigate the effect of strain rate on the dynamic UCS of a rock with a persistent joint, 
a series of numerical specimens with different joint orientation are constructed and they are 
then subjected to uniaxial compressions at different loading rates to derive the 
corresponding dynamic UCS. The proposed dynamic failure model described above is then 




Figure 4.4 UCS of the specimen with different joint orientations at different strain rates 
4.1 BPM simulation results  
Fig. 4.4 shows the dynamic UCS of the jointed rock at different joint orientation, normalised 
by the static UCS of the specimen. The relationships between the dynamic UCS of the rock 
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As expected, the dynamic strength increases with increasing strain rate. When 𝛽 <
𝜙𝑗  𝑜𝑟 𝛽 = 90°, the normalized UCS increases from 1.0 to approximately 2.1 as the strain 
rate increases from 0.1 s-1 to 10 s-1. When 𝜙𝑗 < 𝛽 < 90° , the dynamic strength also 
increases with increasing strain rate. However, the rate of increment is sensitive to the joint 
orientation, with the least happening at around 𝛽 = 60°, where the normalized UCS only 
increases from 0.22 to 0.36 as strain rate increases from 0.1 s-1 to 10 s-1. As sliding failure 
is the dominant failure mechanism when  is around 45° +
𝜙𝑗
2
, the results suggest that shear 
failure may be less sensitive to changes in strain rates. It will be interesting that this can be 
cross-validated by experiments. 
Table 4.7 A, B and C obtained based on least square regression of simulation results 
Joint orientation (˚) A B C R2 
0 1.65E-02 0.92 0.99 0.99 
10 2.50E-02 0.83 0.97 0.99 
20 2.04E-02 0.88 0.97 0.99 
30 2.10E-02 0.87 0.94 0.99 
40 1.39E-02 0.89 0.34 0.99 
50 1.40E-03 1.17 0.26 0.98 
60 1.75E-03 0.94 0.22 0.96 
70 1.03E-02 0.91 0.26 0.99 
80 1.28E-02 0.94 0.83 0.99 
90 2.04E-02 0.87 0.98 0.99 
4.2 Assessment of the proposed dynamic strength model  
To assess the dynamic strength model presented in Section 3, the simulation results in 
Section 4.1 is used to derive coefficients and further compared with the theoretical 
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prediction of Eq. (9). The coefficients A, B and C are derived based on the least squares 
regression of the numerical simulation results discussed in the previous section and their 
values are summarized in Table 4.7 together with the goodness-of-fit indicator R2. 
These coefficients are plotted in Fig. 4.5, together with their theoretical predations based 
on the proposed dynamic strength model. The results show that theoretical predictions are 
in reasonably good agreement with the simulation results. The discrepancies are caused by 
the random nature of the discrete element modelling approach. For large  angles, the 
differences become significant, which is caused by the change of failure mechanism due to 
the intersection between the persistent joint and the top and bottom surfaces of the specimen.   
 
Figure 4.5 The comparison of parameters A, B and C with corresponding theoretical 





















A Theoretical prediction A
B Theoretical prediction B





Figure 4.6 The comparison of dynamic normalized UCS from theoretical predictions and 
simulation results, (a) all data; (b) excluding the data when 60° < 𝛽 < 90° 
To further evaluate the reliability and robustness of the proposed dynamic strength model, 
the predicted normalized dynamic UCS of the jointed rock is compared with simulation 





































































( 𝑅2)  and the average absolute relative percentage error (AAREP) are used as a 
measurement of discrepancy for the assessment (Shen et al. 2012): 
  RE =
∑ |
𝑀𝑅, 










where N is the total number of numerical simulations, 𝑀𝑅, 
𝑜𝑏𝑠  and 𝑀𝑅, 
𝑝𝑟𝑒𝑑
 are simulation 
results and theoretical predications, respectively, 𝑀𝑅, 
𝑎𝑣 is the average of simulation values. 
The comparison of all cases between theoretical predictions and simulation results is shown 
in Fig. 4.6 (a) where relatively larger differences are observed with the values of 𝑅2 and 
AAREP at 74.35% and 29.46%, respectively. Closer observations indicate that major 
discrepancies correspond to those cases at large  angles where the persistent joint intersects 
the top and bottom surfaces of the specimen. As the proposed dynamic strength model is 
essentially derived based on Jaeger’s strength criterion, which assumes that the failure 
mechanism is the shear failure along the persistent joint. When the joint intersects the top 
and bottom surfaces of the specimen, the assumed shear failure mechanism is no longer 
dominant (see more discussions below), which will cause the deviation of predicted values 
from the actual strength of the specimen. This is observed clearly in both experiments 
(Bagheripour and Mostyn 1996; Wasantha et al. 2013) and numerical studies (Fig. 4.2, 
(Wasantha et al. 2012; Chong et al. 2013)).   If these cases (corresponding to 60° < 𝛽 <
90° in our numerical models) are removed from Fig. 4.6 (a), the agreement between the 
proposed model and the simulation results is much improved, with 𝑅2 greater than 0.98 and 
AAREP less than 11%, as shown in Fig. 4.6 (b). This demonstrates that the proposed model 
can describe properly the dynamic strength of a specimen with a persistent joint under the 
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assumption that the dominant failure mechanism is the shear failure along the joint, similar 
to the Jaeger’s criterion to describe the static strength of such a specimen. 
5 Discussions  
The simulation results clearly show that the effect of the strain rate on the dynamic strength 
of the jointed rock mass is significant. To better understand the dynamic failure behaviours 
of the jointed rock mass, the fragmentation characteristics, microscopic cracks and crack 
orientation distribution are further analysed in this section from the micromechanical 
perspective based on the numerical simulations. 
5.1 The fragmentation characteristics  
5.1.1 The fragmentation characteristics of intact rock 
The fragmentation characteristics of intact rock under different loading rates are studied by 
increasing the strain rate from 0.1 s-1 to 10 s-1. Fragmentations derived from numerical 
models are presented in Fig. 4.7 in comparison with experimental results from Whittles et 
al. (2006). These results are also consistent with the observation made by many researchers 
(Li et al. 2005; Doan and Gary 2009)  based on their experiment: fractures changes from 
single fracturing to multiple fragmentations and even to pulverization as the strain rate 
increases, i.e., the size of fragments becomes smaller but their number gets larger. This 
trend is also reflected by the number of microscopic fractures formed at different strain 
rates in the numerical models, see Fig. 4.8. 
These failure characteristics may be related to the time-dependent initiation and 
propagation of micro-cracks in rocks (Costin 1987; Li and Xia 2000; Fuenkajorn et al. 2012; 
Zhou et al. 2015). At the strain rate increases, the dynamic strength increases and therefore 
a higher level of stress is reached before micro-cracks coalescence occurs, causing the 
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specimen to fail. Consequently, a greater number of micro-cracks are generated in the 
specimen fracturing process. 
 
Figure 4.7 Comparison of post failure fragmentation under different loading rate (0.1 s-1, 
0.2 s-1, 0.4 s-1, 0.8 s-1, 1 s-1, 2 s-1, 6 s-1 and 10 s-1) between experimental study (Whittles et 




Figure 4.8 Number of micro-cracks in BPM at different strain rates 
 
Figure 4.9 Fragment characteristics of jointed rock mass under various strain rate (0.1 s-1, 































5.1.2 The fragmentation characteristics of jointed rock masses 
For jointed rock masses, based on our numerical simulations, as shown in Fig. 4.9, the 
fragmentation characteristics are similar to those of intact rock only when 𝛽 < 𝜙𝑗  or 𝛽 =
90° . As expected, when 𝜙𝑗 < 𝛽 < 90° , the fragmentation characteristics are totally 
different compared with those of intact rock due to the present of the joint. The sliding 
failure can be easily seen from two distinct blocks of different movements. At high  angles 
when the joint intersects both the top and bottom surfaces of the specimen, the failure mode 
is a mixture of sliding along the joint, shearing and tensile failure within the two halves of 
intact rock, so both ends of the specimen appear “crushed”. It can also be observed from 
Fig. 4.9 that shearing and tensile failures intensify as the strain rate increases.   
The number of micro-cracks based on the numerical simulations of jointed rock mass is 
shown in Fig. 4.10. In general, the number of micro-cracks increases with increasing strain 
rate for all cases. The results for the cases of 𝛽 < 𝜙𝑗  𝑜𝑟 𝛽 = 90° follow closely that of 
intact rock, suggesting similar dominant shearing failure mode in these cases. When 𝜙𝑗 <
𝛽 < 60°, the number of micro-cracks is significantly smaller compared with the cases 
mentioned above, particularly for cases of  = 40o – 70o. This suggest that the sliding failure 
along the joint becomes dominant in these cases and the internal stress experienced by parts 
of intact rock of the specimen is not high enough to cause shearing and tensile failures. 
However, even in these cases, the strain rate will also have effects on the failure mode. As 
the rate increases, more micro-cracks are formed, indicating the occurrence of more 
shearing and tensile failures, a consequence of the combination of the high impact load and 





Figure 4.10 Number of microscopic cracks of numerical models at different joint 
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5.2 Orientations of microscopic cracks 
When the BPM specimen is subject to compression loading, the macroscopic failure 
involves microscopic crack initiation, propagation and coalescence. Early studies (Nemat-
Nasser and Horii 1982; Basista and Gross 1998) often used the sliding-crack model to 
capture the formation of micro-tensile cracks (Fig. 4.11a). In BPM models, a force-chain 
crack model can be used to illustrate the compression-induced tensile cracking process 
(Potyondy and Cundall 2004; Hoek and Martin 2014), see Fig. 11b. Therefore, the 
microscopic cracks can be analysed in PFC. 
 
Figure 4.11 Physical mechanisms for compression-induced tensile cracking, idealized 
using a bonded assembly of particles (after Hoek and Martin, 2014) 
To better understand the failure mechanism, the orientations of microscopic cracks are 
discussed in this section. These include tensile cracks (Fig. 4.12) where the bond breaks in 
tensile mode and shearing cracks (Fig. 4.13) where the bond undergoes a shear failure. Note 







plane measured anticlockwise. Only cases of  = 0o, 50o and 80o are shown here to 
demonstrate three different cases of failure mode mixture.  
When a rock specimen is subjected to an external load, the macroscopic failure is the 
consequence of the initiation, propagation and coalescence of micro-cracks. In reality, these 
micro-cracks could be transgranular or intergranular depending on local stress conditions, 
or rock grains can be “crushed” under extremely high compressive load, which can be 
regarded as the collective action of many transgranular cracks. In BPM, micro-cracks can 
only happen in two ways: tensile and shearing breakage of the bond interface. The force-
chain crack model was proposed to illustrate the compression-induced tensile cracking 
process (Potyondy and Cundall 2004; Hoek and Martin 2014). This is demonstrated by a 
group of four circular particles arranged in a diamond shape and the left and right particles 
are forced apart (hence subjected to potential tensile failure) by an axial load applied at the 
top and bottom particles. Therefore, the orientations of these microscopic cracks are parallel 
to the applied stress direction.  
From Fig. 4.12, these tensile micro cracks are dominant in all cases, particularly for small 
and large  angles. For  = 50o where sliding failure is the dominant macroscopic failure 
mode, tensile cracks parallel to the axial loading direction is still dominant. But in this case, 
some additional tensile cracks perpendicular to the joint also appear, particularly for the 
case of low strain rate. This is likely due to the friction force on the surface of the joint 





Figure 4.12 Distribution of the orientation of tensile microscopic cracks of the numerical 
models 
For shearing micro-cracks (Fig. 4.13), when 𝛽 = 0°, their orientations are mainly in the 
ranges of 36˚-60˚ and 120˚-144˚, indicating a “X” shearing failure behaviour, which is 
consistent to experimental observations. This “X” shearing feature is less obvious as the 
failure mode becomes complex ( = 80o) or disappears all together when the macroscopic 
sliding failure along the joint becomes dominant ( = 50o). Some shear cracks in vertical 
orientation are observed when  = 50o, which again may be caused by the friction on the 
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joint surface due to its roughness. For  = 80o, close to the case of =90o, the “X” shearing 
feature becomes more obvious as strain rate increases from 0.1 s-1 to 10 s-1.  
 
Figure 4.13 Distribution of shearing microscopic cracks of the numerical models 
6 Conclusions  
The rock dynamic behaviours in terms of uniaxial compressive strength are investigated in 
this study using bonded particle models. The following conclusions can be drawn based on 
the works presented: 
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1. BPM has been demonstrated to be capable of simulating the strain rate-dependent 
mechanical properties and behaviours of rock materials. These can include uniaxial 
compressive strength, fragmentation characteristic and the features of micro-
cracking within the rock specimen. This is the first time that a BPM approach is 
used systematically for these studies. 
2. A dynamic failure criterion is proposed for the rock mass with a persistent joint 
based on the single plane of weakness theory. The model has been demonstrated to 
be effective for the prediction of the dynamic UCS of a rock mass with a joint at 
different orientations.  
3. The dynamic behaviours of a rock mass are more sensitivity to the strain rate when 
tensile and shearing failure modes within the parts of intact rock are more dominant, 
corresponding to joints at low and high angles. When the macroscopic sliding failure 
mode is dominant, corresponding to cases where joint orientation is close to 45° +
𝜙𝑗/2, the dynamic behaviours of the jointed rock mass is much less sensitive to the 
variations of strain rates. 
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Damage accumulation in the rock mass leading to failure is influenced by the properties of 
pre-existing discontinuities. In order to simulate rock mass behaviour realistically, many 
damage models have been proposed. Amongst them, limited damage models consider joint 
orientation, one of the significant properties of discontinuities impacting the rock mass 
failure, in the strongly anisotropic rock masses. In this study, we propose a statistical 
damage model using a Weibull distribution which takes into account joint orientation by 
incorporating the Jaeger’s and modified Hoek-Brown failure criteria for the jointed rock 
mass. The proposed statistical damage model is validated using the experimental results. 
Further, verification of the proposed model is conducted by the Distinct Element Method 
using Particle Flow Code (PFC). To investigate the influence of the shape parameter (m) 
and scale parameter (F0) of Weibull distribution on the statistical damage model predictions, 
a sensitivity analysis is carried out. It is found that the parameter m only depends on strain 
parameter k. On the other hand, the parameter F0 is indirectly related to the failure strength 
of the jointed rock mass in the proposed damage model. The considerable influence of joint 
stiffness on the damage variable D, damage evolution rate Dr and rock mass responses are 
also identified.  








List of symbols: 
𝑃(𝐹) The percentage of damaged elements out of the total number of 
microscopic elements. 
F The element strength parameter depending on the strength criterion used 
𝐹0 Scale parameter of the Weibull distribution  
m Shape parameter or a homogeneous index of Weibull distribution 
D Damage variable  
N The total number of all microscopic elements 
n The number of all failed microscopic elements under a certain loading 
𝜎  (MPa) The nominal stress, i = 1, 3 
𝜎 
∗ (MPa) The effective stress, i = 1, 3 
𝜈 Poisson’s ratio of the material 
1 The strain on the major principal stress direction 
𝜎1𝑓 (MPa) Peak stress at failure 
1𝑓 Peak strain at failure 
𝑐  (MPa) Cohesion 
𝜙 (˚) Internal friction angle 
𝑐𝑗 (MPa) Joint cohesion 
𝜙𝑗 (˚) Joint friction angle 
𝛽 (˚) Joint orientation  
𝑚  A material constant of Hoek-Brown 




𝑘𝛽 Anisotropy parameter 
𝐸 (GPa) Young’s modulus of rock 
𝐸𝛽 (GPa) Deformation modulus of the jointed rock mass 
𝛿 (m) A mean vertical spacing interval in rock that contains a single set of 
horizontal joints 
𝑘𝑛 (GPa) Joint normal stiffness 
𝑘𝑠 (GPa) Joint shear stiffness 
𝑘  Strain parameter 















1 Introduction  
The deformation behaviour of rock material is a fundamental topic in rock engineering (Li 
et al. 2012; Peng et al. 2015). Accurate estimation of rock strength and deformation 
properties is critical for the stability analysis of rock engineering applications such as rock 
slope, rock tunnel, underground excavation, etc. In nature, the rock mass consists of intact 
rock and discontinuities such as bedding planes, joints and cleavages. The strength and the 
mechanical properties of the rock mass are controlled by the mechanical and geometrical 
properties of the discontinuities and intact rocks (Yang et al. 1998; Tiwari and Rao 2006; 
Zhou et al. 2014; Wasantha et al. 2015; Jin et al. 2016; Guo et al. 2017). Therefore, the 
deformation behaviours of the rock mass can be largely influenced by the geometrical and 
mechanical properties of joints, especially for anisotropic rock mass. 
Many experimental investigations (Donath 1961; Hoek 1964; Mclamore and Gray 1967; 
Ramamurthy et al. 1988; Yang et al. 1998; Prudencio and Van Sint Jan 2007; Jiang et al. 
2014; Chen et al. 2016; Jin et al. 2016) published characterizes deformation properties and 
failure mechanisms in anisotropic rock masses. The results from these studies indicate that 
the failure strength and deformation is closely associated with joint orientation or bedding 
orientation, see Fig. 5.1. The failure strength reaches its maximum value either at β=0˚ or 
β=90˚, while its minimum value located around β=45˚-60˚. Three failure modes are 
observed in the experimental results (Tien and Tsao 2000): sliding mode along the 
discontinuity or joint, shearing mode along the intact rock and mixed mode. These 
laboratory results lay the foundation for failure analysis of the anisotropic rock masses.  
Several failure criteria have been proposed to incorporate the effect of joint orientation on 
the failure behaviour of rock masses. These criteria were generally modified from the 
classical failure criteria such as the Mohr-Coulomb, the Barton-Bandis, and the Hoek-
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Brown as shown in Table 5.1. They provide some effective tools to estimate the strength of 
anisotropic rock masses. However, it can be challenging to investigate the failure process 
of geomaterials under complex loading condition in practical engineering (Chen et al. 2012). 
Table 5.1 Summary of the failure criteria considering the joint orientation 
Original criterion  Modified failure criterion  References  
Mohr-Coulomb 
criterion 
Jaeger’s criterion (Jaeger 1959, 1960) 
Variable cohesion and friction angle failure criterion (McLamore and Gray 1967) 
Tien and Kuo criterion (Tien and Kuo 2001) 
The plane of patchy weakness theory (Fjær and Nes 2014) 
Barton-Bandies 
criterion 
Duveau and Shao criterion (Duveau et al. 1998) 
An extended plane of weakness theory (Halakatevakis and Sofianos 2010) 
Hoek-Brown 
criterion 
Colak and Unlu criterion (Colak and Unlu 2004) 
Saroglou and Tsiambaos criterion (Saroglou and Tsiambaos 2008) 
Shi’s criterion  (Shi et al. 2016) 
On the other hand, the damage mechanics becomes an effective way to investigate the 
failure process and failure behaviours of geomaterials, simulating the initiation, propagation 
and coalescence of microcracks from a microscopic perspective (Hoek and Martin 2014). 
Two damage models, including continuum damage model (CDM)(Ortiz 1985; Chow and 
Wang 1987; Kawamoto et al. 1988; Halm and Dragon 1998; Swoboda et al. 1998; Cauvin 
and Testa 1999; Dragon et al. 2000; Pituba and Fernandes 2011; Kishta et al. 2017; Richard 
et al. 2017) and micromechanical model (Shao et al. 2005; Zhu et al. 2008; Chen et al. 
2012), are widely used to describe the anisotropic behaviours of the rock mass. Due to 
easily implementation and convenient for field applications, the continuum damage model 
(CDM) was explained by many researchers.  In CDM, the damage tensors, in most cases, 
were used to describe the anisotropic behaviours of rock masses. Kawamoto et al. (1988) 
and Swoboda et al. (1998) adopted the second-order damage tensor to reflect the anisotropy 
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due to the pre-existing joints in the jointed rock mass. However, in strongly anisotropic 
materials, these models do not correctly describe the failure modes: shear failure in intact 
rock matrix and sliding failure along the joint and thus they may underestimate the strengths 
of the rock masses (Liu and Yuan 2015). Recently, Liu and Yuan (2015) proposed a coupled 
damage model which includes the shear strength of the macroscopic joint. However, as 
pointed Liu and Yuan (2015), the effect of joint stiffness on the deformability of the rock 
mass was ignored. Inspired by these studies, a new damage model considering joint 
orientation is proposed in this study. 
 
Figure 5.1 Behaviour of rock like materials with different joint orientation (after Jin et al. 
2016) 
In this paper, a new statistical damage model for a rock mass considering joint orientation 
is derived based on Weibull distribution. Fundamentals of the statistical damage model and 
its derivation are explained in section 2. Validation and verification of the proposed damage 






























in section 3. Finally, a sensitivity analysis for the damage distribution parameters and rock 
mass response is carried out in section 4. 
2 Statistical damage model 
2.1 Damage model development 
Conceptually, a rock is composed of a large number of microscopic elements. When the 
rock is subjected to external loading, microscopic elements will fail and defects or micro-
cracks are created, which then they coalesce to form macro-cracks. This is basically the 
damage accumulation process taking place in the rock as a response to external load. 
Statistically, the strength of these microscopic elements can follow a certain type of 
distribution with the most commonly suggested ones as power function distribution and 
Weibull distribution. Therefore, a statistical approach may better describe the mechanical 
behaviour of rocks from a micro level (Deng and Gu 2011). As stated in Section 1, the 
damage model based on the statistical damage theory is widely used to investigate different 
mechanical behaviours, such as softening and hardening behaviours (Cao et al. 2010) and 
thermal-mechanical behaviours (Xu and Karakus 2018). However, very limited research 
has been done on modelling anisotropic characteristics such as strength and deformability 
of jointed rocks using the statistical damage theory. 
The Weibull distribution used to describe the distribution of the strength of microscopic 
















where F is the element strength parameter depending on the failure criterion used, which 
can be regarded as stress level when strength criterion (Zhou et al. 2017) used or strain 
when maximum strain criterion (Liu and Yuan 2015) adopted; m is the shape parameter or 
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a homogeneous index of Weibull distribution; 𝐹0  is the scale parameter of the Weibull 
distribution.  
Assuming N is the number of all microscopic elements within the rock and n denotes the 
number of failed microscopic elements under a certain external load, the damage variable 





When the stress level F increases to F+dF, the number of failed microscopic elements 
increases by NP(F)dF. If all microscopic elements are subjected to the same local stress F, 
the total number of failed microscopic elements n can be calculated as: 
 = 𝑁 ∫ 𝑃(𝐹)𝑑𝐹
𝐹
0







i.e., the damage variable D can be expressed as: 







To define the mechanical damage for rock material, the concept of effective stress (𝜎 
∗), i.e., 
the stress acting on the undamaged area of the rock material, is used to represent the nominal 
stress (𝜎 ). According to the strain equivalent principle, the strain induced by 𝜎  on the 
whole material is equal to the strain induced by 𝜎 
∗ on the undamaged material. Therefore, 
two effective stresses (𝜎1
∗, 𝜎3
∗) of the rock mass can be expressed using nominal stresses (𝜎1, 
𝜎3) under biaxial compression: 
𝜎 
∗ = 𝜎 (1 − 𝐷)⁄   (5.5) 
with i = 1, 3. 











(𝜎1 − 𝜈𝜎3) 
  (5.6) 
where 𝜈 is the Poisson’s ratio of the material. Substituting Equation (5.4) into Equation 
(5.6), the stress-strain relationship is obtained on the major principal stress direction: 





] + 𝜈𝜎3 
(5.7) 
As an example to demonstrate this model, the damage variable D, E=50 GPa, 𝜎3 = 0  MPa 
and 𝐹0=0.01 with maximum strain criterion were adopted here and the results are plotted in 
Fig. 5.2 for different m values. As can be seen, a higher value of m corresponds to narrower 
distribution of the element strengths, hence greater variation in damage variable D against 
strain and a sharper decrease of the stress after the peak load. In other words, when m value 
























Figure 5.2 Microscopic damage variable and the strength of the intact rock: (a) damage 
variable vs. strain, (b) corresponding stress-strain response  
Next, the strength of microscopic elements must be determined. As shown in Fig. 5.2, the 
maximum strain criterion can be used to describe the microscopic element strength. 
However, it could not reflect the influence of complicated stress state of the microscopic 
element. Therefore, many studies (Deng and Gu 2011; Li et al. 2012; Xu and Karakus 2018) 
tried to consider the rock failure criterion for a microscopic element in stress space and 
proposed new expressions for the microscopic element. In general, the failure criterion of 
the microscopic element can be expressed in the following form: 
𝑓(𝜎∗) − 𝑘0 = 0 (5.8) 
where 𝑘0 is a constant value related to the cohesion and internal friction angle of the rock. 
𝐹 = 𝑓(𝜎∗) =
𝑓(𝜎)
1−𝐷
 reflects the strength of microscopic element, depending on the failure 
criteria adopted in the damage model.  





































To derive the rock mass response and calculate damage variable D, the damage parameters 
𝑚 and 𝐹0  should be determined. In this process,  the ‘Extremum method’ was used in 
previous studies (Cao et al. 2010; Deng and Gu 2011), where the peak point of the measured 
stress-strain curve can be used. At the peak point, the derivative of 𝜎1 with corresponding 
1 should be zero, i.e.: 





where 𝜎1𝑓  and 1𝑓  are stress and strain corresponding to the peak point. Based on the 






















Then the distribution parameter m and 𝐹0 can be calculated by substituting Equations (5.13) 













𝐹𝑓, 1 = 1𝑓   (5.16) 
2.2 Implementation of failure criteria into the proposed damage model  
Appropriate failure criterion should be determined for the microscopic elements in the 
damage model (Xu and Karakus 2018). Due to the pre-existing joint, the commonly used 
failure criteria should be modified to account the influence of joint orientation. Two failure 
criteria including Jaeger’s criterion and Hoek-Brown criterion are discussed in this section. 
2.2.1 Jaeger’s Failure criterion 
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where 𝑐  and 𝜙  are cohesion and internal friction angle of the rock; 𝑐𝑗  and 𝜙𝑗  are joint 
cohesion and friction angle, respectively, and 𝛽 is the joint orientation (the angle of the joint 
from the plane perpendicular to the loading direction). Then the strength of microscopic 
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where 𝐹1 and 𝐹2 are the expression of microscopic strength derived in Equation (5.18). 
2.2.2 Modified Hoek-Brown criterion  
Here, the modified Hoek-Brown model proposed by Saroglou and Tsiambaos (2008) 
incorporating the anisotropic parameter 𝑘𝛽 of rock mas is used: 







where 𝑚  is a Hoek-Brown constant, depending on the rock type (texture and 
mineralogy)(Shen and Karakus 2014), 𝜎𝑐 is the uniaxial compressive strength of the intact 
rock. Then failure strength of microscopic element using the Hoek-Brown criterion can be 
expressed in the following equation: 
𝐹 =




Accordingly, the stress-strain relationship can be expressed as: 

































2.3 Damage model implementation 
In order to implement the proposed damage model for further analysis, the basic material 
parameters such as cohesion  (𝑐), internal friction angle (𝜙), joint cohesion (𝑐𝑗), joint 
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friction angle (𝜙𝑗), joint orientation (𝛽)  should be identified first. Then the failure stress 
𝜎1𝑓, deformation modulus 𝐸𝛽 , and failure strain 1𝑓 should be determined to derive the 
damage distribution parameters m and F0. We can estimate the failure stress 𝜎1𝑓  from 
Equation (5.17) and (5.20). However, the deformation modulus 𝐸𝛽 of the jointed rock mass 
is influenced by the joint orientation, which can be estimated through the following 














where 𝛿 is a mean vertical spacing interval in rock that contains a single set of joints, 𝑘𝑛 
and 𝑘𝑠 are the normal stiffness and shear stiffness on the weak planes, respectively. On the 











. Therefore, to better estimate the failure strain, a strain parameter 𝑘  is 
introduced here, and the failure strain can be estimated using the following Equation: 





where k depends on the plastic strain of the material, which will be discussed in Section 4. 
The implementation procedure for the proposed damage model is summarized as follows: 
(1) Obtain the basic material parameters: rock cohesion 𝑐, internal friction angle 𝜙, 
joint cohesion 𝑐𝑗 , joint friction angle 𝜙𝑗  and joint orientation 𝛽  for the damage 
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model incorporating Jaeger’s criterion; anisotropic parameter 𝑘𝛽 and Hoek –Brown 
constant𝑚  for the damage model incorporating the modified Hoek-Brown criterion; 
(2) Estimate failure stress 𝜎1𝑓, deformation modulus 𝐸𝛽 and failure strain 1𝑓 through 
Equations (5.17) or (5.20), (5.23) and (5.25), respectively; 
(3) Obtain damage distribution parameters m and F0 through Equations (5.15) and 
(5.16); 
(4) Substitute damage distribution parameters m and F0 into Equation (5.17) or (5.22) 
to obtain the stress-strain response. 
3 Validation and verification of the proposed damage model 
3.1 Validation of the proposed damage model 
To validate the proposed damage model, the damage model is applied to a group of 
published experimental data on jointed basalt (Jin et al. 2016) using modified Hoek-Brown 
criterion. The results of the damage model, obtained from Equation (5.7), with different 
joint orientation is presented in Fig. 5.3, and the corresponding experimental results are also 
shown for comparison purpose. One can see that the proposed model is capable of 
describing the main deformation and strength properties of the jointed rock mass, especially 
the pre-peak region. However, the rock mass responses from the proposed damage model 
cannot capture the rock compaction characteristics in the initial stage of rock mass response 





Figure 5.3 Comparison of the proposed damage model and experimental results (Jin et al. 
2016) for the jointed rock mass with various joint orientation: (a) Joint orientation 0˚, 15˚ 
and 30˚; (b) Joint orientation 45˚, 60˚, 75 ˚ and 90˚. 
3.2 Verification of the proposed damage model by PFC 
The proposed damage model is verified by comparison of the stress-strain response of a 
rock mass from the proposed model and results obtained from the bonded particle model, 
PFC in this study. The synthetic rock mass (SRM) model consists of two components to 



























































represented by bonded particle model (BPM) (Potyondy and Cundall 2004) material which 
is non-uniform circles or particles assembly connected through contacts. For the current 
study, the flat joint model (FJM) is employed to simulate a more realistic intact rock, 
especially for brittle rocks (Vallejos et al. 2016). On the other hand, smooth joint model 
(SJM) is implemented into the flat joint contacts to represent joint in PFC.  
3.2.1 Intact rock representation  
In this study, the Hawkesbury sandstone was chosen for the verification study. A 
rectangular numerical model of 54mm×108mm containing random non-uniform particles 
assembly was subjected to uniaxial compression tests to obtain macro-properties for 
calibration. The loading rate is set to small enough (0.02 m/s) to ensure the quasi-static 
loading condition (Zhang and Wong 2013, 2014).  
The PFC parameters calibrated using experimental data reported by Wasantha et al. (2013), 
and are given in Table 5.2. A good agreement between experimental and PFC model results 
was achieved, where the coefficient of variation (COV) was found to be less 1%. The 
calibrated micro-parameters for Hawkesbury sandstone are summarized in Table 5.3. Fig. 
5.4 shows the intact rock response of UCS tests conducted in PFC. 
Table 5.2 Mechanical properties of Hawkesbury sandstone (Wasantha et al. 2013) and 
calibrated BPM material 
Macro-properties UCS, MPa TS, MPa E, GPa υ 
Experimental results 50.80 4.00 11.00 0.20 
PFC results  50.17 4.08 11.02 0.21 





Table 5.3 Basic calibrated micro-parameters for Hawkesbury sandstone 




𝑤 𝑑⁄   Ratio of specimen width to the average ball diameter 60 
𝑟𝑚𝑎𝑥 𝑟𝑚 𝑛⁄  Ratio of maximum to minimum ball radius 1.66 
g0 Installation-gap ratio 4e-2 
 𝑝 Porosity  0.16 






𝐸∗(GPa) Bond modulus 11.40 
𝑘∗ Stiffness ratio 2.5 
μ Friction coefficient 0.77 
𝑡𝑏  (MPa) Bond tensile strength 7.10 
𝑐𝑏 (MPa) Bond cohesion 28.20 
𝛷𝑏 (degree) Bond friction angle 25 
 
Figure 5.4 Intact rock behaviour under uniaxial compression in PFC  
3.2.2 Joint representation 
To simulate the behaviour of the joint within a rock mass, the smooth joint contact model 
was proposed by Pierce et al. (2007)  and explored in detail by Mas Ivars et al. (2008). The 


















the local particle contact orientations along the interface. The two particles using smooth 
joint contact model may slide past each other instead of moving around each other of FJM.  
Generally, these macro-properties include normal stiffness, shear stiffness, cohesion and 
friction angle, and are governed by smooth joint micro-parameters such as bond normal 
stiffness, bond shear stiffness, bond cohesion and friction angle at the particle level. 
Bahaaddini et al. (2013) proposed a two-stage calibration procedure: normal deformability 
test for normal stiffness calibration and direct shear test for the shear stiffness and 
coefficient of friction calibration, and using the ISRM suggested method (Ulusay 2014) 
(see Fig. 5.5). 
 
(a)                                                                   (b) 
Figure 5.5 Calibration of smooth-joint microparameters for PFC analysis (a) uniaxial 
compression test and (b) direct shear test 
In this study, normal stiffness and shear stiffness are set large to minimise their effect on 
mechanical properties and the only direct shear test was carried out to match the cohesion 
and friction angle of Hawkesbury sandstone, which is 2.2 MPa and 32˚. The corresponding 
calibrated cohesion and joint friction angle are 2.19 MPa and 31.79˚, respectively. And the 
calibrated micro-parameters for the smooth-joint model are summarized in Table 5.4.  
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3.2.3 Simulation of a single jointed rock mass by PFC 
 
Figure 5.6 Comparison of the proposed damage model and PFC model predictions and 
proposed damage model for the jointed rock mass with various joint orientation  
In order to verify the proposed damage model, the PFC models with different joint 
orientations using 0º, 40º, 50º, 60º, 90º are subjected to the uniaxial compression tests using 
Jaeger’s criterion. The comparison of the proposed Weibull damage model and the results 




























The failure stress of rock mass model when joint orientation 𝛽 = 0˚ drops to 46.88 MPa, 
which is consistent with the experimental results (Wasantha et al. 2013) when one persistent 
joint exists in the intact specimen. The comparison shows that the proposed damage model 
is in a great agreement with the PFC results at both the pre-peak and post-peak regions. As 
can be seen from Figure 5.6, the proposed damage model can capture the stress-strain 
response better at pre-peak region than the post-peak region.  
4 Sensitivity analysis of damage distribution parameters and the damage 
variables and rock mass response 
The damage variables in the proposed damage model are largely influenced by the joint 
orientation based on the analysis presented in section 2. Taking the stress-strain in the 
direction of the major principal strain as an example, we considered 𝐸 = 11.00 G a , 
𝜎(90) = 46.88 M a, 𝜎3 = 0.00M a, 𝜈 = 0.20, k =0.2, 𝑐𝑗 = 6.00 M a and 𝜙𝑗 = 0˚as the 
reference parameters for sensitivity analysis. 
4.1 Damage distribution parameters 
4.1.1 Damage distribution parameter m  
As mentioned in Section 2, the damage distribution parameter m is an indicator of material 
brittleness: more brittle as the damage distribution parameter m becomes larger. 
Substituting Equation (25) into Equation (15), we can see that the damage distribution 
parameter only depends on parameter k: 
𝑚 =
1
𝑙 (1 + 𝑘)
 
(5.26) 
The result (see Fig. 5.7), shows that damage distribution parameter m is nonlinear and 
indirectly proportional to the strain parameter k for the jointed rock mass. As the parameter 
k is directly proportional to the increase of the failure strain, we confirm that the material 
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becomes more brittle as the failure strain becomes smaller. The parameter k should be 
carefully chosen according to the material brittleness when the failure strain data is not 
available. 
 
Figure 5.7 Damage distribution parameter m versus parameter k 
4.1.2 Damage distribution parameter F0 
The influence of the model parameters listed as the reference parameters previously on the 
damage distribution parameter F0 is analysed by changing one of the corresponding 
parameters and leaving the other parameters constant. 
The effects of confining stress, joint cohesion and joint friction angle on the damage 
distribution parameter F0 is demonstrated in the Fig. 5.8 (a), Fig. 5.8 (b) and Fig. 5.8 (c), 
respectively. The results show that the damage distribution parameter F0 follows the ‘U’ 
shape with various joint orientation, reaching the minimum value when joint orientation 













The confining stress can increase the level of damage distribution parameter as confining 
stress increases from 0 to 20 MPa, see Fig. 5.8 (a). However, it has a larger influence on F0 
when joint orientation 𝛽 = 0˚  and 𝛽 = 90˚ but less influence when joint orientation 0˚ <
𝛽 < 90˚. This is due to the fact that two failure modes occur: shear failure when joint 
orientation 𝛽 = 0˚  and 𝛽 = 90˚ and sliding failure when joint orientation 0˚ < 𝛽 < 90˚. 
The joint cohesion effect on F0 is investigated by increasing cohesion from 2 to 10 MPa, 
see Fig. 5.8 (b). The maximum value of F0 is independent with different joint cohesion as 
the maximum failure strength keeps unchanged with a certain confining condition. On the 
other hand, the joint cohesion can increase the values of F0 when it is less than the maximum 
value of F0. As joint cohesion increases, the gradually reaches to the maximum value of F0 
from the model with smaller and larger joint orientation. 
The joint friction angle effect on F0 is analysed by varying from 0˚ to 40˚, see Fig. 5.8 (c). 
Similarly, the joint friction angle has no influence on the maximum value of F0. The interval 
of ‘U’ shape narrows from smaller joint orientation as joint friction angle increases. At the 
same time, the joint friction angle can increase the value of F0 when it is less than the 
maximum value. Overall, the F0 can be regarded as a strength parameter, indirectly related 






Figure 5.8 Influence of (a) confining stress (b) cohesion (c) Joint friction angle on the 
















































4.2 Influence of joint stiffness on the damage variable and rock mass response 
Based on derived damage distribution parameters m and F0, the rock mass response will be 
influenced by the joint orientation. However, as pointed out earlier in Section 2.3, the joint 
stiffness may have effects on the rock mass response, which was ignored by the previous 
studies (Liu and Yuan 2015; Zhang et al. 2015).  
 
Figure 5.9 Influence of Joint stiffness on the deformation modulus of the rock masses 
Invoking Equation (23), the deformation modulus of the rock masses varies with joint 
orientation. When the   and stiffness ratio (normal stiffness/shear stiffness) is set to 1 m 
and 0.5, respectively, we plot the deformation modulus versus joint orientation as the 
normal stiffness increases from 10 GPa to 200 GPa, see Fig. 5.9.  The results show that the 
deformation modulus decreases as the joint becomes weaker.  The joint stiffness has a larger 
influence on the deformation modulus when the jointed rock mass with small joint 
orientation than those with larger joint orientation, even has no influence when the joint 
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Figure 5.10 Influence of joint stiffness on rock mass response, damage variable D and 
damage evolution rate Dr for rock masses with different joint orientation: without joint 
stiffness (left) and with joint stiffness (right) 
To better investigate the joint stiffness effect, based on the theoretical analysis, using the 
references parameters, the rock mass response, damage variable D and damage evolution 
rate Dr curves with and without considering the joint stiffness are plotted in Fig. 5.10. When 
the joint stiffness effect on the D, Dr, and rock mass response is ignored, the deformation 
modulus of the jointed rock mass equals to Young’s modulus of intact rock.  The results 
reveal that all the damage variable D, damage evolution rate Dr and rock mass response 









































































60˚, 50˚, respectively. The failure strength varies with varying joint orientation when 
deformation modulus kept constant. The damage variable D curve becomes steeper and the 
starting damage point appears earlier as joint orientation approaching 40˚ and 50˚. 
Correspondingly, the maximum value of Dr becomes smaller as joint orientation 
approaching 40˚ and 50˚. 
The joint normal stiffness is set to 50 GPa when considering the joint stiffness. One can 
easily see that the deformation modulus varies from the stress-strain curves, consisting of 
the experimental results given in Section 3.1. The results demonstrate that damage variable 
D curve becomes steeper and the starting point of damage variable D appears earlier as the 
joint stiffness increases. Additionally, the peak value of damage evolution rate Dr becomes 
larger with increasing joint stiffness. Therefore, the proposed damage model considering 
joint stiffness can better capture the deformation and strength behaviours compared with 
the damage model without considering joint stiffness.  
5 Conclusions 
In this paper, we proposed a new damage model which uses the Jaeger’s and modified 
Hoek-Brown criteria. The damage distribution parameters m and F0 were modified to reflect 
the effect of joint orientation on the rock mass failure behaviour. This way, we can simulate 
the jointed rock mass behaviours with various joint orientation realistically. Additionally, 
the deformation modulus variation caused by the joint stiffness can be considered in the 
damage model by introducing the deformation modulus from Equation (5.23). Based on 
this research, the following conclusions are obtained: 
(1) The shape parameter m was only related to the introduced strain parameter k, 
reflecting the brittleness of the anisotropic rock mass;  
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(2) The damage variable D and rock mass response demonstrated an anisotropic 
characteristic for the damage models with various joint orientation. The damage 
variable and stress-strain curves for models with 0˚, 10˚, 20˚, 30˚, 40˚ overlapped 
with those models with 90˚, 80˚, 70˚, 60˚, 50˚, respectively, when joint stiffness was 
ignored in the proposed damage model.  
(3) The proposed damage model improves the prediction of rock mass response 
significantly, thus the proposed model can be used to simulate anisotropic rock mass 
behaviour accurately. 
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Chapter 6 Conclusions and Recommendations for Further 
Work 
6.1 Conclusions and summary 
The current thesis presents a systematic study of the anisotropy characteristics of the jointed 
rock mass at both static and dynamic conditions. After a brief introduction of the anisotropic 
jointed rock mass and critical review of current literature, a serious of studies have been 
carried out to achieve the aims listed in the introduction section. In the following section, 
the overall conclusions are summarized: 
1. Based on the dimensionless analysis, sensitivity analysis, regression analysis and 
numerical simulation results, four relationships were setup between micro-parameters 
of FJM and the macro-rock properties such as uniaxial compressive strength (UCS), 
tensile strength (TS), Young’s modulus (E) and Poisson’s ratio (ν). These relationships 
provide an effective tool to determine the micro-parameters for the flat-joint BPM 
without going through the time-consuming trial-and-error process using the traditional 
approach. After the structural parameters (such as Nr  , n, rmax/rmin and w/d) are 
determined, k* should be determined first based on the Poisson’s ratio ν. E* is then 
determined to match the Young’s modulus 𝐸 of the rock material. t is derived based on 
the tensile strength TS of the rock, and finally, c is determined to match the rock 
uniaxial compressive strength UCS. 
2. Based on the simulation results and previous experimental data, the bonded particle 
model (BPM) was demonstrated to be capable of modelling the strain rate-dependent 
mechanical properties and behaviours of rock materials. These mechanical properties 
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include uniaxial compressive strength, fragmentation characteristic and the features of 
micro-cracking within the rock specimen.  
3. BPM was used further in this study to investigate the dynamic behaviours of jointed 
rocks. A dynamic strength relationship was established for a rock mass with a persistent 
joint based on numerical simulation results, which can be used to predict the dynamic 
UCS of the rock mass with a joint at different orientations. The results indicated that 
the dynamic behaviour of a jointed rock is more sensitive to the strain rate when tensile 
and shearing failure modes within the part of intact rock are more dominant, 
corresponding to cases when the joint is at low or high angles with respect to the 
principal loading direction. 
4. A new damage model was proposed by incorporating Jaeger’s criterion and modified 
Hoek-Brown criterion. The damage distribution parameters m and F0 were modified to 
reflect the effects of joint orientation on the rock mass failure behaviours. The shape 
parameter m was only related to the introduced strain parameter k, which is directly 
proportional to the increase of the failure strain. The proposed damage model can be 
used to model the anisotropic behaviour of jointed rock masses. In addition, the effects 
of the joint stiffness on the deformation modulus of the jointed rock can also be 
considered in the proposed damage model. The damage model considering the joint 
stiffness can better capture the deformation and strength of the jointed rock compared 
with that without considering the joint stiffness. 
5. In the proposed damage model, the damage variable D and stress-strain curve show 
significant anisotropic characteristics for the rocks with different joint orientations. The 
damage variable and stress-strain curve for rocks with joint orientations at 0˚, 10˚, 20˚, 
30˚, 40˚ are identical to those at 90˚, 80˚, 70˚, 60˚, 50˚, respectively, when the joint 
stiffness was ignored in the damage model.  
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6.2 Recommendations for future work 
Although the results in this study give more insights of the mechanical behaviours of 
anisotropic rock masses, there are limitations. Recommendations for further studies are 
summarized below: 
1. The systematic calibration approach proposed in Section 3 mainly focused on two-
dimensional bonded particle model under uniaxial compression condition to match 
the uniaxial compressive strength (UCS), tensile strength (TS), Young’s modulus (E) 
and Poisson’s ratio (ν), however, the intrinsic mechanical properties such as cohesion 
and internal friction angle may not match. Therefore, a calibration procedure under 
triaxial compression condition in three dimensional highly recommended in the future 
study.  
2. The study should be extended to cover jointed rocks with more than one fractures, 
perhaps randomly distributed.  
3. Current study only deals with jointed rocks with a persistent joint. An obvious 
extension is to cover the mechanical behaviours of jointed rocks containing a non-
persistent joint, which remains a challenging task, both theoretically and numerically.    
4. The proposed damage model only considers the jointed rock mass with persistent 
joints. To model the mechanical behaviours of jointed rocks with random cracks, it 
may become necessary to incorporate the geological strength index (GSI) into the 
model.  
5. In the current study, the joint roughness is only indirectly considered through the joint 
friction angle in the numerical model. However, in practical applications, it may be 
necessary to consider the joint surface profile and surface roughness explicitly so a 
model more closely reflecting the mechanical behaviour of joints can be obtained. 
